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PHUONG PHAP GIAI TOAN UNG DUNG CUA TiCH PHAN

Tac gia: Nguyén Thi Thanh Phuong
Giao vien THPT chuyén Lé Quy Don

A.Sw can thiét, muc dich ciia viéc thwc hién sang kién:

Qua thuc té giang day t6i thdy van dé dién tich cua cac hinh phang, van dé
thé tich ctia cac vat thé tron xoay & chuong trinh giai tich 12 hoc sinh gip rét
nhiéu khé khin. Do bai toan Gmg dung cua tich phan 1a bai toan lién quan dén
thuc té, dic biét dé giai quyét duoc bai toan nay hoc sinh can duoc trang bi
nhiéu kién thtrc nhu tinh tich phan, khdo sat va vé dd thi, bai toan tuong giao,
hinh hoc phang, hinh hoc khong gian. Nén nhiéu hoc sinh thudng c6 cam giac
“so” bai toan tinh dién tich hinh phing cling nhu bai toan tinh thé tich cua vat
thé tron xoay. Khi hoc van dé nay nhin chung cac em thuong van dung cong
thirc mot cach may moc chua cé su phan tich, thiéu tu duy thyuc té va truc quan
nén cac em hay bi nham 13n, hoc khong giai dugc, dac biét 1a nhitng bai toan can
phai c6 hinh v& dé “chia nho” dién tich méi tinh duge. Thém vao dé trong sach
gido khoa cling nhu cac sach tham khéo co rat it vi du minh hoa mét cach chi
tiét dé gitip hoc sinh hoc tap va khic phuc “nhiing sai 1am d6”.Cang kho khan
hon cho nhitng hoc sinh ¢6 k¥ nang tinh tich phan con yéu va k¥ nang “doc do
thi” con han ché.

Sang kién kinh nghiém “PHUONG PHAP GIAI TOAN UNG DUNG
CUA TiCH PHAN” nham gitp cho hoc sinh 12 biét cach giai quyét cac bai
toan tinh dién tich hinh phang, thé tich vat tron xoay dugc dua ra trong chuong
trinh hoc. Rén k¥ nang tinh tich phan, dic biét 1a tich phan c¢6 chira dau gia tri
tuyét ddi, rén k¥ nang doc dd thj ctia ham sd, tir d6 khic phuc nhiing kho khan,
sai 1am khi gip bai toan tinh dién tich hinh phang ciing nhu tinh thé tich cua vat
thé tron xoay. Gitp hoc sinh phat huy tét kién thirc vé dién tich va thé tich ma
hoc sinh da hoc & 16p duoi , théy duoc tinh thuc té va sy lién hé noi tai ciia van
dé nay trong chuong, tir d6 hoc sinh s& cam thay hing thu, thiét thuc va hoc tot

van dé tng dung cua tich phan. Py lam mét tai liéu tham khao rat t6t cho hoc



sinh ciling nhu gido vién dé luyén thi va o6n tap thi tét nghiép trung hoc phd
thong, 6n thi dai hoc va cao déng.
B. Pham vi trién khai thuc hién:
+) Déi twong nghién ctru:
- Muc ti€u, nd1 dung chuong trinh nang cao va co ban THPT.
- S4ch gi4o khoa va sach bai tap dai sé va giai tich 12.
- Cac bai toan trong chuong trinh thi dai hoc.
- Mtic d§ nhan thirc ctia hoc sinh truong THPT chuyén Lé Quy Don.
+) Pham vi nghién ctru:
- Chuong trinh co ban va nang cao toan THPT.
- Céc chuyén dé thi dai hoc va cao ding.
- Hoc sinh trrong THPT chuyén Lé Quy Pon.
+) Tién hanh thuc nghiém trén 16p: 12C8.
C. Ngi dung
1. Tinh trang giai phap da biét
Chu dé tng dung cua tich phan 1a mot trong nhitng kién thirc co ban &
chuong trinh toan giai tich 16p 12. Viéc day va hoc van dé nay hoc sinh gitp hoc
sinh hiéu rd y nghia hinh hoc cua tich phan, dac biét 1a tinh dién tich cua hinh
phéng €161 han bdi cac do thi ham sd,tinh thé tich cta vt thé tron xoay duoc tao
boi khi quay mot hinh phang quanh truc hoanh hodc tryc tung. Pay ciing 13 mot
ndi dung thuong gip trong cac dé thi dinh ky, dé thi tot nghiép trung hoc pho
thong, dé thi cao dang va dai hoc. Nhin chung khi hoc van dé nay, dai da s6 hoc
sinh (ké ca hoc sinh kh4) thuong gip nhitg kho khén, sai 1m sau:
- Néu khong c6 hinh vé thi hoc sinh thudong khong hinh dung dugc hinh phang
(hay vat thé tron xoay). Do dé hoc sinh ¢6 cam giac “xa la” hon so véi khi hoc
vé dién tich ctia hinh phang da hoc trudc day (dién tich da giac, thé tich cac khoi
da dién...). Hoc sinh khong tan dung dugc kiéu “tu duy lién hé cii véi méi” von
c6 ciia minh khi nghién ctru van dé nay.
- Hinh v& minh hoa & céc sach giao khoa cling nhu sach bai tap con it “chua du”

dé gitp hoc sinh rén luyén tu duy tir truc quan dén triru tuong. Tir d6 hoc sinh



chua thay sy gan gili va thay tinh thyc té ciia cac hinh phang, vat tron xoay dang
hoc.

- Hoc sinh chua thyc sy hung th va c6 cam gidc nhe nhang khi hoc van dé nay,
trai lai hoc sinh c6 cam giac nang né, kho hiéu.

- Hoc sinh thuong chi nhé cong thire tinh dién tich hinh phéng, thé tich vat tron
xoay mot cach may moéc, kho phat huy tinh linh hoat sang tao, dac biét 1a k§
nang doc do thi dé xét dau cac biéu thirc, k§ ning “chia nho” hinh phang dé tinh,
k¥ nang cong, trur dién tich; cong, trir thé tich. bay 1a mot kho khan rat 16n ma
hoc sinh thuong gap phai.

- Hoc sinh thuong gip sai st trong viée tinh tich phan c6 chira dau gid trj tuyét
doi.

2. N0oi dung giai phap:

- Dung mot hé thdng vi du minh hoa c6 phan tich kém 101 giai chi tiét véi
cac cach khac nhau tir d6 rén luyén cho hoc sinh su van dung linh hoat trong
qua trinh giai toan, phat huy tinh sang tao, gitip hoc ¢6 hinh anh triuc quan vé cac
hinh phang.Ttr d6 hoc sinh c6 cam giac nhe nhang, gan giii thuc t& hon, himg
tht hon trong hoc tap. Hoc sinh nhan dang va giai thanh thao bai toan tinh di¢n
tich ctia hinh phang, thé tich ciia vat thé tron xoay theo yéu cau.

- Gitip hoc thanh thao k¥ ning khir dau gia tri tuyét ddi mot cach linh
hoat tiy thudc vao timg tinh hudng cu thé.

- Pua ra hé thong bai tap tuong tu c6 hinh v& kém theo hodc khong co
hinh v& dé hoc sinh luyén tap tir d& toi kho.

3. Kha ning ap dung caa gidi phap

Pé tai dugc trién khai nang cao chét lugng hoc tap cua hoc sinh 16p 12
trong qua trinh hoc, trong 6n thi tot nghiép va 6n thi dai hoc, cao dang.

4. Hi€u qua, lgi ich thu dwgc do ap dung giii phap

Qua thuc té ap dung t61i nhan théy cac em hoc sinh d3 tu tin va biét van
dung mdt cach linh hoat khi giai cac bai toan img dung cua tich phan va t6 ra
htng tha khi hoc vé dang toan nay .Hoc sinh khac phuc dugc nhitng “sai |am”

va kho khan khi gap bai toan tinh dién tich cta hinh phang ciing nhu tinh thé



tich ctia vat thé tron xoay & chuong trinh giai tich 12. Thuan loi cho viéc ting
cuong tinh truc quan ,cling ddy manh ung dung cong nghé thong tin va day hoc.

5. Pham vi dnh huéng cua gidi phap

- Pé tai 1a tai liéu giang day hiru ich cho cac thdy c6 dang giang day toan
lop 12

- Pé tai 1a tai liéu giup hoc sinh hoc tot phan tng dung tich cua tich phan,
tir 6 hoc sinh c6 phuong phap tu nghién ctru cac chuyén dé khac

6. Kién nghi, dé xut:

Pé tai nén duoc nhan rong trong cac truong THPT trong tinh dé gop phan
nang cao chat luong day va hoc bo mon Toan.

7. N6i dung cu thé

7.1 Co s6 li luan

1. Dién tich hinh phing giéi han béi 4 dwong trong dé c6 mot dwong
y=f(x)

Cong thure tinh di¢n tich cuahinh

phang gi61 han bo1 4 duong y y=f(x
y="1(9)
y =0 (truc Ox) V
X=a
x=b(a<b) o) 2 b x

=S :i|f(x)|dx

2. Dién tich hinh phang giéi han boi 4 dwong trong d6 c6 hai dwong
y=f(x) y=g(x)

Cong thire tinh dién tich cua hinh
phang gidi han boi 4 duong

y="f(x)

y=9(x)

X=a 2
x=b(a<b) | N

=S = [|f(x)-g(x)|dx




3. Thé tich vat thé tron xoay tao b6i hinh phang gi6i han béi 4 dwong
trong doé c6 mét dwong y=f(x) quay xung quanh truc Ox.

Hinh phang (H) duoc gidi N
han béi 4 dudng: y
y=1(x)
y =0 (truc Ox)
Xx=a
x=b(a<b) 0 2
Khoi tron xoay sinh boi H
khi quay quanh tryc Ox la:

b 2

Vou = 7[[ f(x)] dx

a

7.2 Van dung

y=f(x

N

7.2.1 Ung dung tich phén tinh dién tich cia hinh phiang
1) Hinh phang gi6¢i han béi 4 dwong trong do c6 mot dwong y=f(x)

Cong thire tinh dién tich cuahinh
phang gidi han bo1 4 duong
y="f(x)
y =0 (truc Ox)
X=a
x=b(a<h)

y y:f(x

=S :i|f(x)|dx

Chuy:
1. Can phai xac dinh hinh phing véi day du 4 duong nhu trén roéi méi ap
dung cong thirc dién tich

b
2. Viéc tinh tich phans = _[ |f(x)|dx (1) co dau gttd ta st dung mot trong 3
cach tinh sau day
Cach 1: Xét dau f(x) va stir dung dinh nghia

F(x) khi f(x)>0
|f(x)|:{—f(x) khi f (x) <0

b b
e Néu f(x)=0,vxela;b] thi s =[|f(0dx= [ f(x)dx

e Néu f(x)<0,vxela;b] thi s :i|f(x)|dx:i(— f (x))dx

Tir d6 tinh tich phan trén mdi doan ma f(x) khong con dau gia tri tuyét dbi
Khi xét dau f(x) ta thuong dung dinh li “dau cua nhi thirc bat nhat” , dinh 1
“dau cua tam thuc bac hai”



Céch 2: Dya vao d6 thi ciia ham s6 y =f(x) trén doan [a;b] dé suy ra d4u cua
f(x)

e  Néu trén doan [a; b] dd thi ham sd

y = f(x) nim phia “trén” truc hoanh thi W
f(x)=0 ,vxela;b] |

e Néu trén doan [a;b] dd thi ham sd
y = f(x) nam phia “dudi” truc hoanh thi q b

f(x)<0,vxela;h] /—\
7 y=fix N

X v

Cach 3: Chuyén dau gia tri tuyét d6i ra ngoai dau tich phan

j f (x)dx| (*)

b
Néu f(x) khong doi dau trén [a ; b] thitacod: S = _[| f (x)|dx =

Vén dé 14 ta di tim cac khoang ma trén d6 f(x) khong d6i dau

Ta c6 nhan xét sau day: Néu phuong trinh f(x) =0 c6 k nghiém phan biét
X1, Xy, ..., Xk thudc (a; b) thi trén mdi khodng (a;x1), (X1} X2) , ..., (X ; b)
biéu thire f(x) c6 dau khong doi .

b
Khi @6 dé tinh tich phan S = I| f (x)|dx ta co thé tinh nhu sau

S :_T|f(x)|dx:T|f(x)|dx+]g|f(x)|dx+...+'tf|f(x)|dx

b

j f (x)dx

Xk

Xy

j f (x)dx

Xy

X

j f (x)dx

a

+ +..+

b
Céc budc tinh S = [|f (x)|dx

+ Giai phuong trinh f(x)=0.Tim cac nghiém thudc doan tinh tich phan
+ Chia doan tinh tich tich phan néu trén doan tinh tich phan c6 chira céc
nghi¢m
+ Van dung (*) thuc hién dua dau gia tri tuyét d6i (gttd) ra ngoai va tinh
tich phan binh thuong
y=-x*+2x-2(C)
y=0
x=0
X=3

Vi du 1: Tinh dién tich cta hinh phang giéi han boi 4 dudng



Bai giai
Céach 1: (Xét dau dé khir dau gia tri tuyét doi)

3
Ta c6 dign tich S ctia hinh phang trén 1a S = [|- x* + 2x—2dx
0
Giai phuong trinh —x* +2x-2=0 v0 nghiém = —x*+2x-2<0 Vvx

3 3 3 3
=S =H—x2+2x—2‘dx=j(x2—2x+2)dx:(x——x2+2x)
5 5 3 0

3 3
=%_32 +2_3{%—02 —2.0}:2—37—9+6—0=6 (dvdt)

Céch 2: (Dung do thi)
Dién tich S cta hinh phang trén la

3
S=ﬂ—x2+2x—2‘dx ’
< T . , AL a2 |3 [ X
Tur d0 thi ta c6 trén [0 ;3] d6 thi (C) nam dudi 21 o B |
truc hoanh nén —x* +2x-2<0 ,Vx [0;3] B
2 2 X3 3 f(x) = (-42+2-%)-
S :.ﬂ—x2 +2x—2‘dx:_|‘(x2 —2X+2)dx = (= — X* +2X)
0 0 3 0 /4
3 3
23 303 |% 02 20|=2 _946-0-6 ©)f
3 3 3 f \
(dvdt)
Céach 3: ( dua dau gttd ra ngoai dau tich phan)
3
Ta c6 dign tich S ctia hinh phang trén 1a S = [|- x* + 2x—2dx
0
Giai phuong trinh —x* +2x-2=0 v6 nghiém trén doan (0;3)
3 3 3 3
=S :'ﬂ—x2 +2x—2‘dx= I(x2 —2X+2)dx| = (X——x2 +2X)
5 5 3 0
3 3
Y LA Y =‘£—9+6—0‘=6 (dvdt)
3 3 3
y=x>-3x* +2(C)
Vi du 2: Tinh dién tich cta hinh phang giéi han boi 4 duong y :8
X =
X=2
Bai giai
Cach 1: (Xét dau dé khur dau gia tri tuyét doi)
R 2
Ta c6 dién tich hinh phang s = [|x* —3x* + 2Jdx
0
Dauctia y=x*-3x +2 la — t LN
-1 1 -



Taco x® -3x°+2 >0 Vxe [0:1]
vax®-3x°+ 2 <0Vxe[1;2]

Do d6 s = Jz"x3 -3x% + Z‘dx = f[(x3 -3x% + 2)dx—J2'(x3 —3x% +2)dx
0 0 1

4

1 2
S e = ri2-0-| 2 22-(149)
0 4 1 4 4 4

STV SRS P S (dvdt)
4 4 2

Céach 2: (dung d6 thi)
Tir d6 thi ctia ham s6 da cho trén doan vA |
tir [0;2] ta co trén [0;1] (C) nam trén 4 ]
truc hoanh, trén [1 ;2] (C) nam dudi
truc hoanh

S = ﬁxS —3x? +2‘dx

0
/ I
~ [ 3+ 2)dx j(x ~3x? + 2)dx 2 -1/A01 é/ >
0
=1+1 4+8— 4+1—1+2—E ©) /
4 4 2
(dvdt)

Cach 3: (dua dau gttd ra ngoai dau tich phan)
2
S = Hx?’ —-3x° + 2‘dx
0

x=1e(0;2) (t/m)

Giai phuong trinh x® -3x*+ 2 =0 <:{ _
x=2¢(0;2) (Loai)

Khi d6
S :j.‘x3 —3x° +2‘dx:j"(x3 -3 +2)‘dx+.2H(x3 —3x° +2)‘dx = j.(x3 —3x% +2)dx| + i(x3 —3x% +2)dx
1
© (—4—x +20)° H —‘ 24222 (avdy

Chua y.onec chla doan tinh tich phaq duoc thuc hlen khi phuong trinh hoanh do
giao diém c6 nghiém thudc khoang lay tich phan.

_—X=2
y= x-1
Vi du 3: Tinh dién tich cta hinh phang giéi han boi 4 duong: |y =0
x=0
x=-1
Bai giai
Céch 1: (Xét dau dé khir dau gié tri tuyét d6i)

Cosj

xz‘

10




—X—-2 - + -
la I i

x-1 -2 1

v

Daucua y=

— X -

Suy ra 12 >0 ,Vxel-1,0]

Dién tich S cta hinh phang trén 1a

0 0 0 0 0
—x=2|, _a_flmx=2 X2y, m (=D -8 .8
-2 ‘dx_s _jlx_l o _jl( X yix Jlix—l dx _jl( = )x
1

=(-x-3In|x-1| )|?1: (-0-3In1)-(1-3In2)

=—0-3.In1-1+3In2=3In2-1

Cach 2: (Dl‘mg do thi)

—X- 2d
yA
Ttr d6 thi cia ham sé suy ra
X2
_X_zzo ,Vx e[-1,0] il P
-1 B | . X
0 X 2 (X 1) 3 — - '1AO 1 2 3
S= jlxld—j( )d_j )d_j(l——)dx
-
0 /]
=(—x—3In|x-1| )| 1=(—O—3In1)—(1—3|n2) -4

=-0-3.In1-1+3In2=3In2-1
Cach 3: (dua dau gttd ra ngoai dau tich phan)
0
s = [ 2
sl x=1
Giai phuong trinh hoanh d6 giao diém: _xx—_lz =0 x=-2¢(-10)(loai)

Ta c6 dién tich S cua hinh phang trén 13
0 0
S :J- —X—Z‘dxz J- —X—-2
Yl x=1 o ox-1
Nhan xét: Khi tinh di¢n tich ta cén thuc hién linh hoat
+ Néu viéc xet dau ctia ham s6 don gian thi ta dung phuong phap xet dau
+ Néu ham s6 da co d6 thi thi ta dung phuong phap do thi
+ Néu xét ddu khé khan va ham sé chua duoc vé do thi thi ta dung phuong
phap dua dau gia tri tuyét d6i ra ngoai dau tich phan
Vi du 4: Tinh dién tich cta hinh phing gii han boi d6 thi ham sé y =x>, tryc

dx|=[3In2-1=3In2-1

hoanh va cic duong thang x =-1 , X = % :

11



Bai giai : Dung phuong phap dua dau gttd ra ngoai dau tich phan
3
, 2
Dién tich S cta hinh phang trén la S = J ‘x:“‘dx
-1
Giai phuong trinh x*=0< x=0¢e(-1; g)

3

‘xe"dx = fﬂxﬂdx + .Zﬂxs‘dx = _T— x3dx +
e 0 -1

x* |0 x4
x3dx = (—=— +(—
( l) 1 ( l)

NV | W

3
S = 2
0

o'-—.y\_)\w

Ly

34
s e (D) 4
:_(0__—( 1) )+2__0_:_(0_1)+%_0:1+ng (dvdt)
4 4’ 4 4 464 4 64 64
Cha y: Boi vdi cac hinh phang cho ¢ dang

y="f(x) B

y=0(trucOx) hodc y=1)

y =0 (truc Ox)

X=a
dinh cac dudng con lai bang cach giai phuong trinh hoanh d6 giao diém f(x)=0
v6i cac nghiém duoc lay tir bé nhat dén 16n nhat
Vi du 5: Tinh dién tich hinh phang gidi han bdi do thi ham s6 y=x*+x*-2x va
truc hoanh ’ ’
Bai giai: Dung phuong phap dua dau gttd ra ngoai dau tich phan

chua du 4 duong thi ta can phaixac

X=-2
Ta tim cac dudng con thiéu bang cach giai phuong trinhx® +x* —2x=0<> | x=0

x=1
Vay dién tich hinh phang

1
S= J ‘x?’ + x5 - ZX‘ dx (lay can tr bé nhat dén 16n nhat)
2

S :])"x3+x2—2x‘dx+j"x3+x2—2x dx
-2 0

8 5 37
=4 —=—
3 12 12 ) . )
Vi du 6: Tinh di¢n tich cta hinh phang gidi han béi do thi ham so y = xInx
tryc hoanh va duong thang x=e . ,
Bai giai: Dung phuong phap dua dau gttd ra ngoai dau tich phan

\ , \ \ Y , Cy - . x =0 (loai
Ta tim cac duong con thiéu bang cach giai phuong trinh: xInx=0< L 1 (loai)
Dién tich S can tim 1a S = J.|xln x| dx = len xdx
1 1
U=Inx du = ldx
pat ;| | = X
dv = xdx x?

2

12



, e 2 e 2 e e 2 2
Do dé S:lenxdx:x—lnx (2 2dx =2 inx —dex=e——x— _el (dxdt)
) 2 0 4 27x 2 L 2 4 4

Vi du 7: Tinh dién tich hinh phéng gi61 han boi dd thi ham sd y = x> —4x, truc
hoanh , dudng thangx= -2 va duong thang x=4 ’
Bai giai: Dung phuong phap dua dau gttd ra ngoai dau tich phéan
x=0
Ta giai phuong trinh: x*-4x=0<| x=-2
X=2
Céc nghiém x=0, x=2 thudc (-2;4) do vy dién tich hinh phang

e X2 1 e e2

S = j‘.‘x3 —4x‘dx = j“x3 —4x‘dx+.2ﬂx3 —4x‘dx+jﬂx3 —4x‘dx
Y o) 0 2

0 2 4

=S = I(x3 —4x)dx|+ J‘(x3 —4X)dx| + I(x3 —4x)dx| = 44 (dvdt)
-2 0 2

Vidu8: ‘ v

Cho ham s y=x* -3x* +2 ¢6 dd thi (C). 4

N A f(x) = (k*-3-%2)+2 ‘ I

(Hinh bén) q c l

Hay tinh dién tich cua hinh phang gioi han boi ]
do6 thi (C), truc hoanh, va hai duong thang \ sl [, | x
x=-1,x=1 2| Ia 01 3

Bai giai : Dung phuong phap d6 thi

Dién tich S ctia hinh phang gi6i han boi do thi (C ), truc hoanh va hai duong
thang
X =-1va x =1 dugc tinh boi cong thirc :

1
S= Hx“ -3x° +2‘dx
-1
Dura vao d thi ta thdy (C) ndm trén truc hoanh trén [-1;1] suy ra x* -3x°+2 >
0 Vxe [-1;1]
i i X° 1 12
Do dd S= ”x“ - 3x° +2‘dx = I(x“ —-3x* +2)dx = (g— x° + 2X) S (dvdt)
-1 -1 -

Vidu 9: Cho hamsé y=-x*+5x* - 4
c¢6 d6 thi (C ) (Hinh bén). Tinh dién
tich ctia hinh phang giéi han boi do thi
(C) va truc hoanh

>[N
oy]
w

f(x) = (-x¥+5-x9)-4
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Bai giai
Dua vao d6 thi ta c6 dd thi (C) cit truc hoanh tai bon diém c6 toa d6 1an

luot 1a

(-2;,0),(-1;0),(1;0),(2;0).
Suy ra hinh phang di cho duoc gidi han boi db thi (C ) ,truc hoanh va hai dudng
thang
X=-2vax= 2.

Viay dién tich S ctia hinh phang la

S = ﬁx“ —3x% + Z‘dx
-2

Dua vao d6 thi ta thdy (C) nam trén tryc hoanh véi Vx e[ -2 ; -1]U[ 1; 2], (C)
nam duéi tryc hoanh véi vV x e [-1;1]
Dodo -x* +5x*-4 >0 Vxe [-2;-1]U[1; 2]
x5 —4<0Vxe [-1;1]
2 -1 1 2
=S = _H—x“ +5x° —4‘dx:j (—x" +5x* - 4)dx +J(x4 —5x? +4)dx+'[(—x4 +5x° —4)dx
-2 -2 -1 1

_Z2,. 10,22 g (dvdp)
15 15 15

Vidu 10: I| vA
4 2 — 1
Cho ham sé y=2"%=2 ¢4 db thi (C). | 4 cod2 ||
x+1 / =1 ¥
Tinh dién tich cua hinh phang gioi han GinoDien y/
bt do thi (C) va cac duong thang y =0 , /
x=0 vax=3, / B
X
T A 0'1 3
1

Bai giai:
Ta ¢6 d0 thi (C ) cit truc hoanh tai hai diém c6 toa do lan luot 1a (- 2;0) va (1;0)
Dién tich S can tim la

2

2 3
.[X + X — 2 J-x +X_2dx+jx +X- 2
o] X+1 o X+1 T X+1
1 2 X X2 3
= !(x—x—ﬂ)dx +!(x—x—+1)dx= (7—2In|x+ﬂ)‘o +(?—2In|x+ﬂ)‘1

=1—2In2+%—2ln4—%+2m2=%—4In2 (dvdt)

2
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Vidu 11: ‘ q VA ]
Tinh dién tich phan hinh phang duogc
t6 mau & hinh bén. Biét d6 thi (C ) la / 00
d6 thi ciia ham sb y = ..

(©

Bai giai : (Dung phuong phap do thi)
Hinh phang trén dugc gi61 han boi d6 thi ham sd y = €**, truc hoanh y =0,
truc tung x =0 va duong thang x =-1.
Trén doan [-1;0] d6 thi nam trén truc hoanh nén e > 0 xe[-1,0]
Vﬁy dién tich S ctia hinh phang da cho 1a :

1 0 1 1 1
S=|e¥dx==e" ==(e"-e')==(1->) (dvdt
je x=2e =2 ('-e")=20-2) (dvd)
Vi du 12 ‘ 7 de —
Tinh dién tich phan hinh phang duoc ¢
t0 mau biét rang do thi (C ) 1a do6 thi
ctia ham s y =+/5x+4 00 k52
[ }
>4 10 1B P
Bai giai

Hinh phéng trén dugc gidgi han boi dd thi ham sd y=+/5x+4 ,truc hoanh, va
hai duong thang x=0,x=1.
Vi trén [0;1] d6 thi ndm trén tryuc hoanh nén y =+/5x+4 >0 vi moi x €[0;1]

1 1
Vay dién tich hinh phang S = ”\/5X + 4‘dx = J\/Sx +4dx .
0 0

bat u=5x+4 =>du=>5dx
Khi x=0=>u=14
Khi x=1 =>u=9

N w

LA J47)_ -(27-8)= 38 (dth)

14 9 g 1
Do d6 S=1f\ﬁdu=1ju2—1 u
5 5 T

_5?
2

4”15
Vi du 13:
Tinh di¢n tich ctia hinh phang gi6i han boi do thi ham so y = |x* —3x+2], truc

hoanh , tryc tung va dudng thang x =3
Bai giai

15



Tacod s :i‘xz —3x+2‘dx
0

x=1

Ta giai phuong trinh ‘xz —3x+2‘ =0& {x 5

S :jﬂxz —3x+2‘dx :Jl"(x2 —3x+2)‘dx+.2”(x2 —3x+2)‘dx+h(x2 —3x+2)‘dx
0 0 1 ’
2 _3x+2)dx

+ +

2
J'(xz —3x+2)dx
1

3
J.(x2 —3x+2)dx
2
EREE o

6| [6] |6] 6

Vi du 14: Tinh di¢n tich cta hinh phang 2161 han bdi dd thi ham sd y = [x+ i| ,

truc hoanh , va hai duong thang x=-4, x=0.

Bai giai :

X+2
Dién tich S cantimla S = I | |
Ta giai phuong trinh u =0 x=-2

X—2
IX o | 14 +[e
z -3, 3 )
_j —(x=D =3, ) _J;(—l—x—_l)dx:(—x—3|n|x—]j)‘_4

4

—(2 3In3) 4- 3In5) 3In5-3In3-2=3(In5-In3)-2

0

s=1a

—4

\x+2\

0
IX+2dX
s x=1

-2
x+2\d _J~ X_de+
x—1| 7 x=1

B= J‘))(("'id _LXX1+3d _J'(1+_)dx (x+3|n|x ]4)‘ =0-(-2+3In3)=2-3In3

=|A|+|B| =2-3(In5- In3)+2 3In3=4-3In5
Bai tap tuwong tu :

1. Tinh dién tich ctia hinh phang gi6i han bai cac duong sau :
a) y=x° , truc hoanh va hai duong thang x=-2 , x=1
b) y=-x* +2,y=0 vahai duong thing x=-1 ;x=1
¢) y =€*,y=0, va hai duong thing X =0, x =2
d) y = x*—4 va tryc hoanh .

e) y=x* -4x+ 3,y=0,x=0 , x =3

f) y=x*-4x,y=0 ,x=-2 ,x=1

g y=x>-4x+3,y=0 ,x=-2 ,x=1

hy y=x®-x*—4x+4,y=0 q

i) y=x*-5x* +4 ,y=0, truc tung va dudong thing x =2

2 .Tinh dién tich cta hinh phang gidi han boi cac dudng sau :
ay=Inx ,y=0, x= 1,x:

b)y= In(2x+1) y=0,x=0,

c)y=2* ,y=1

16



d)y=sinx,y=0 ,x= —% L X=7
2) Hinh phing giéi han béi 4 duong trong d6 cé hai dwong y=f(x) va

y=9g(x)

Cong thtrc tinh dién tich cua hinh

:>S=I|f(x)—g(x)|dx

Chuay:
1. Can phai xac dinh hinh phang vé&i day da 4 duong nhu trén réi méi ap
dung cong thirc dién tich. Néu g(x)= 0 bai toan tr¢ vé dang 1
b
2.Viéc tinh tich phan s = J. |f(x)—g(x)|dx str dung mdt trong 3 cach tinh & trén

Chi y ¢ céch 2 khi dya vao do thi ctia ham s y =f(x) va y=g(x) trén doan
[a;b] d€ suy ra dau cua f(x)-g(x) ta cé

e Néu trén doan [a ; b] d(? thi ham sé
y = f(x) nam phia “trén” do6 thi ham so
y=g(x) thi f(x)-g(x)>=0 ,Vxe [a;b]

e Néu tr@n doan [a ; b] dé‘thi ham sé,
y = f(x) nam phia “dudi” d6 thi ham so6
y=g(x) thi f(x)-g(x)<0 ,Vxe [a;b]

Vi du 1: Tinh dién tich cta hinh phang giéi han boi 4 dudng
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f(x)=x>-3x"—x+3
g(x) =—x*—4x* +x+4
x=0
X=2
Bai giai: Dung phuong phap dua dau gttd ra ngoai dau tich phan
2
S = [|f (%) - g()fdx
0
Hoanh d6 giao diém cua hai dd thi trén 13 nghiém ctia phuong trinh
f(x)=9(x)
& X =3 —x+3=-X—4x’ + X +4
< 2x°+ x5 -2x-1=0
& x2(2x+1) - (2x+1) =0
1

x=%¢[0;2]
2x+1=0
<:>(2x+1)(x2—1)=0c{ Z(+1_O<:> x=1¢(0;2]
7 x=-1¢[0;2]

S:j|f(x)—g(x)|dx

= j(Zx +1)(x* —2)dx|+

0

2 -7| 35
2Xx+D)(x%2 =Ddx |=|—|+—==
[@x+10¢ -1 ‘ U

1

Cha y: Pbi véi cac hinh phang cho ¢ dang

y="f(x) B
y=g(x) hoac {§ : ;((:)) chua du 4 duong thi ta can phai xac dinh
X=a

cac duong con lai bang cach giai phuong trinh hoanh d6 giao diém. Trong

= f(x)
y=9(x)
f (x) = g(x) cho nhiéu nghiém thi ta tinh tich tich phan véi céan 1a cac nghiém
duoc 14y tir bé nhat dén 16n nhat

truong hop tinh dién tinh hinh phang gidi han bai { ma khi giai

_ 2
Vi du 2: Tinh dién tich cua hinh phang gidi han béi hai duong {y - X . 2
y=X-
Bai giai:
Cach 1: Dung phuong phap dua dau gttd ra ngoai dau tich phan
Giai phuong trinh hoanh d¢ giao diém tim cac duong con thiéu
X?—3x+2=x-1
, {x:l
& X -4x+3=0<
X=3

Suy ra dién tich cta hinh phang trén 1a :
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S :i‘x2—4x+3‘dx
1

3 3 3 —
:j(x2—4x+3)dX= (X——2X2+3X) :‘i‘:f
) 3 1 3] 3
Céch 2 : Dya vao do thj ,
Ta c6 trén doan [1;3] d6 thi ham s6 I (c \V
y=X-1nam trén d6 thi ham s6 y= x*—3 \4
X + 2
3 2
S :j[x—l—(x2—3x+2)]dx 1
- s g @) R I
= (=-2X"+3X)| =——=— ’
3 1~ 3 3 2

Céch 3 : Dung phuong phap Xét ddu tam thic x* - 4x + 3taco:

-00 1

X
+ o0

x> —4x + 3 + 0 -

Dodd x*—4x+ 3<0Vxel[l:3]
3
S:.ﬂxz—4x+3‘dx
1

Wl

3 3 3 _
S:—j(x2—4x+3)dx:—(x——2x2+3x) __TA
) 3 1 3

Vidu 3:

Cho hinh phang & hinh bén

a) Viét phuong trinh ctia dudng thing d .

b) Tinh dién tich ctia hinh phang d6 , biét

rang d0 thi (C) c6 phwong trinh

y=x"—3x+2. 3

v

Bai giai : 7
a) Phuong trinh ctia duong thang d c6 dang y = ax + b.

Vi duong thang d di qua hai diém (- 2;0) va (0;2) nén ta co :

0=-2a+b a=1
=
{2:20+b {b:Z
Vay duong thang d:y=x+2
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y=x"-3x+2

b) Tir dd thi ta ¢6 hinh phing dugc gioi han boi 4 duong : 17~ X2+ 2
X=—
X=2

Céch 1: Dung d6 thi 7 ‘ 7
Phuong trinh hoanh do giao diém cua do thi (C ) va duong thang d la:
5 5 , {x =0e[-2;2]
X*=3X+2=X+2 X -4x=0=x(x"-4) =0
X =12

Dién tich cta hinh phang trén 13 :

0 2
S= j [X° —3x+2— (x+2)]dx + j [x+2-(x* —3x+2)Jdx =8

2 0
Cach 2: Pua diu gttd ra ngoai dau tich phan

S= .ZHX3—3x+2—(x+2)‘dx: j‘x3—4x‘dx
e )

S = j“x3 —4x‘dx+j.‘x3 —4x‘dx
-2 0

0

S= j(x3 — 4x)dx| +
=2

—l+]-4=8 (dvd)

Jz'(x3 —4x)dx

Vi dy 4: Cho ham s y = x> —3x + 2 ¢6 d0 thi (C ). Tinh dién tich ctia hinh
phang gidi han boi d6 thi (C ), duong thang x = 1 va tiép tuyén A cua do thi
(C) tai diém c6 hoanh do bang 2.
Bai giai: Trudc tién ta can viét phuong trinh tiép tuyén tai (2:4)
Sau d6 xac dinh hinh phang can tinh dién tich
Tinh tich phan st dung phuong phap dwa diu gttd ra ngoai dau tich phan
+ y= xX*-3x+ 2
Khi x = 2taco y(2)=8-6+2=4
y’ = 3x° -3,y (2)=12-3=9
Phuong trinh tiép tuyén cua (C ) tai diém (2;4) 12 y= 9(x-2)+4 hay y = 9x -14
y =x*-3x + 2

Hinh phang can tinh dién tinh dugc gidi han boi cac dudng y = 914
X=2
+ Giai phuong trinh hoanh d9 giao diém:
- 3X+ 2=0X - 14 x =—4 (loai)
| x=2(t/m)

Dién tich ciia hinh phang can tim 13 :

S = ﬂx3 —3x+2 - (9x—14)[dx :f x® —12x+16fdx =
1 1

2
[ ¢ —12x+16)dx
1

Vi du 5: Tinh dién tich hinh phang gi6i han boi do thi ham s6 y = xInx, y = X va
hai duong thing x=1,x=¢
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Bai giai: Str dung phuong phap dua dau gttd ra ngoai dau tich phan
Phuong trinh hoanh d¢ giao diém cta hai d6 thi d cho 1a :
XInx=x<xInx—x=0<x(Inx-1) =0
Vix >0nén x(Inx-1)=0<=Inx-1=0<=Inx=1<x=¢
Vay hoanh d6 giao diém cuia hai d6 thi dd chola x=e .
Dién tich S duoc tinh theo cong thirc :

S :'ﬂxln X — X[dx
1

_jxlnx—jxdx

= i(xln X —X)dx

el +1 x_2
4 2

ee+le1

1 4 2 2
Vi du 6: Hinh phang sau dugc gidi han bi db thi (C ) :y = \/3x +4 va duong

thang y = x 7
Hay tinh dién tich cua hinh phang d6 .
Bai giai :

Ta tim cac dudng con thiéu béng cach giai phuong trinh hoanh d6 giao diém.
Sau d6 dung phuong phap dua dau gttd ra ngoai dau tich phan
Phuong trinh hoanh d6 giao diém ctia hai d6 thi da cho 1a :

x=0 x=0 =0
Z\/3X2 +4 :xc>x(zxf3x2+4—1):4<:>[ @{ c{x

X +4=16 |x*=4 |x=%2
Dién tich cta hinh phang da cho 12 :

dx

2
_ [1XJ3xt +4
4

X3xt+4
JXx/3x + 4dx

0 X 2
== 3x2+4dx+J- dx

_l_

jx%x + 4dx

T|nhA

Pit u=3x*> +4 => du = 6xdx
Khi x=0 => u=4

Khi x=-2 => u=16

——(|A|+|B|)

3

1
A_—j f_——juZd —lﬁ \/_ (\/163 \/?)_——
E
Tuong tu ta co B_5—6
U H j 56+56 _U2_28
94 94 9

2

Vidu 7: Cho ham sé y = X =% ¢6 dd thi
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(C) & hinh bén : 5

a) Tim tiém can xién A cua dd thi ham sd d6 . a \ %
b) Tinh di¢n tich cua hinh phang gidi han boi 5
do thi (C) , tiém can xién A va cac duong
thangx =2 ,x=3. 9 X
3 4 -1 1|2
5 \\(:)
\
Bai giai :
2 — —
a) Taco y-= X —x+1  x(x 1)+1_X_ 1

x-1  x-1 = x-1
I|m (y X) = I|m (x—i— X) = lim (—i) =
x-1 X0l X —
D6 thi (C ) o tiém can xién la duong thang y=X
b) Bé tinh dién tich hinh phang ta dung db thi
Dién tich ctia hinh phang can tim 14 :

3 3 3
S= .|.|y—x| dx = I(x—i—x)dx = I_—ldx (do do thi (C) nam & trén ti€ém can xién)
2 2 x-1 5 X—1

:‘—(In|x— 3 ‘:|—In2+ln]4 =[-In2+0/=In2 (dvdt)
3) Hinh phing giéi han béi nhiéu duong cong (tir 3 duong tré 1en)
Vi dy tinh dién tich hinh phang gidi han boi dd thi cac ham s sau:
=f(x)
y=9(x)
y =h(x)
Déi v6i bai toan nay dé tinh dién tich hinh phang di cho ta phai st dung phuong
phap db thi
Budc 1: V& d6 thi ciia cac ham sb da cho, xac dinh phan hinh phang can
tinh dién tich
Budc 2: Tim giao diém cac do thi rdi chia phan hinh phang can tinh thanh
cac phan hinh phing chi gigi han boi mot hodc hai duong cong. Tinh dién tich
cac hinh phing con duoc phan chia
Budc 3: Dién tich can tim 1a té)ng cac dién tich tim duoc & trén
Vi du 1: Tim dién tich hinh phang S gi6i han boi (P): y=Xx*—2x+2 va cac tiép
tuyén cua (P) di qua A(2;-2)
Bai giai:
Ta can viét phuong trinh tiép tuyén cua (P) di
qua A
Pudng thang qua A c6 dang d: y=k(x-2)-2
d 1a tiép tuyén cua (P) khi
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(x*—2x+2)'=(k(x-2)-2)'

Giai hé tim duoc (x ;k)=(0 ;-2) va (x ;k)=(4 ;-6)
Ta tim dugc hai tiép tuyén qua A 1a
d; : y=-2x+2 tiép xtic v6i (P) tai B(0 ;2)
va d, : y=6x-14 tiép xuc véi (P) tai C(4 ;10)
Vay hinh phang c6 dién tich S=S,+S,
S: 13 hinh phang gi6i han bai (P), dy, =0 va x=2
S, 13 hinh phang gi6i han bai (P), dp, X=2 va x=4

{x22x+2:k(x2)2

2 4
$=8,+8,=[[ (€ -2x+2)—(-2x+2) Jdx+[[ (x*—2x+2)—(6x—14) ]dx=%
0 2
(dvdt)
Vi du 2: tinh dién tich hinh phang giéi han bai (P1): y=Xx* , (Py): y:XZZ
2 s 8
Hy): y==va(Hy):y=-
(Ho):y » va (Hz):y <

V& @6 thi cac ham sb va tim toa d6 giao diém
ctia cac d6 thi ta dugc s (71D)
Dién tich hinh phang can tim S=S;+S, Trong L ®
do

S, dugc gii han béi (P1), (Hy), x=3/2,x=2
S, duoc gi6i han boi (Py), (Hy), x=2,x=234
Tu do6 ta tinh dugc S=41n2(dvtt)

____________

Hi

22 2Aa X

{14 .
gaf -
1
.
(@)

Bai tap tuwong tu :
1. Hinh phang sau dugc gidi han bdi d6 thi ham sd y = X—‘; va cac duong
X+

thing y=2,y=-2x-4.
2. Tinh dién tich cta hinh phang sau:

1 2 — 9 9
Gidi han boi db thi (C): y = X =*2. quong thing d di qua hai diém (4:0) va

(0;- 4); duong thang A 1a tiép tuyén cua (C) tai diém c6 hoanh d6 bang 1.
3. Goi (H) 1a hinh phang gidi han boi cac dudng y = 6x +4, truc hoanh, va hai
dudng thang x = 0; X = 2. Tinh dién tich ctia hinh phang (H) .
4. Hinh phang sau duoc gidi han boi cac dudng y = 2x% - 3x+2, y=0,x=-1, X
= 2. Tinh dién tich ctia hinh phang do.
5. Cho hinh phang sau duoc gidi han bdi parabol (P) va truc hoanh. Biét rang
(P) di qua ba diém (0;0); (2;0) va (2;4).

a) Viét phuong trinh ctia parabol (P).

b) Tinh dién tich ctia hinh phang da cho .
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6.Cho hinh phang (H) duoc gidi han boi hai dudng parabol (P) va duong thang
d nhu hinh vé sau :
y

I 3 7 N Saama

-6

Biét rang parabol (P) di qua gdc toa do O(0;0) va diém (2;-4) ; dudng thang d di
qua hai diém
(2;-4) va (-2;0).
a) Viét phuong trinh ctia dudng thang d va parabol (P) .
b)Tinh dién tich ctia hinh phang da cho.
7. Tinh dién tich hinh phang sau gidi han boi d6 thi ham s6 f(x) = x(x +1)(x-2)
va truc hoanh.
8 .Tinh dién tich cta hinh phang gidi han cac dudng sau:

y=sinx ,y=0, x=2" x:s—ﬁ

2 2

9. Tinh dién tich cta hinh phang giéi han béi cac duong y = 0; y = X -3x*+3x-1
va tiép tuyén ctia dudng cong d6 tai diém c6 hoanh do x =3 .
10._Tinh dién tich cta hinh phing gi6i parabol y = x* - 2x + 2, tiép tuyén véi
parabol tai diem M(3 ; 5) va truc tung.
11 . Tinh dién tich cua hinh phang gi6i han bdi cac dudng sauy = xInx, y=0,
X=1, va x=e.
12. Cho hinh phang gi6i han boi cac dudng

y = sinx, truc hoanh, truc tung va duong théng X = %

13.Cho hinh phang (H) giéi han boi cac dudng y=1+sinx, y= 0, x=0, X = %

Tinh dién tich ctia hinh phang trén.
—-X+2

,y =0 va duon
2X+1 M &

14. Cho hinh phang sau dugc gidi han boi cac dudng y =

thang d di qua hai diém (-2;0), (0;2).

a) Viét phuong trinh ctia duong thang d.

b)Tinh dién tich ctia hinh phang trén.
15. Tinh dién tich cta hinh phang gi6i han boi cac dudng y = 0; y=x>-3x*+3x-1
va tiép tuyén ciia dudng cong d6 tai diém c6 hoanh do x =3 .
16.Tinh dién tich cta hinh phing gidi parabol y =x” - 2x + 2, tiép tuyén véi
parabol tai diém M(3 ; 5) va truc tung.
17 . Cho hinh phang giéi han bai cac dudng sau

y =xez, y = 0, truc tung va duong thang x=1
a) Tinh dién tich cta hinh phang trén.
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b) Tinh thé tich cua vat thé tron xoay tao boi khi quay hinh phang trén quanh
truc Ox.
18.Cho hamsé y=x>+3x* +1
a) Khao sat sy bién thién va v& d6 thi (C) ctia ham sé d cho.
b) Viét phuong trinh tiép tuyén tai diém ubn cua do thi (C).
¢)Tinh dién tich cua hinh phing gi6i han bdi dd thi ham s6 trén véi dudng thing
y=-x2+ 1.
4 14 2 3
19. Chohamso Y= EX —3X +§
a) Khao sét sy bién thién va v& d6 thi (C) ctia ham sb da cho .
b) Viét phuong trinh tiép tuyén d ctia d6 thi (C) tai diém udn.
¢) Tinh dién tich hinh phing gi6i han bai d6 thi (C), truc tung va tiép tuyén d.
7.2.2 Ung dung tich phan tinh thé tich clia vét thé tron xoay
1) Vat thé tron xoay tao béi khi quay mét hinh phing giéi han béi 4
dwong sau quanh truc Ox.

Hinh phang (H) duoc gidi
han béi 4 dudong:
Y= ,
y =0 (truc Ox)
x=a
x=b(a<b)
Khéi tron xoay sinh boi H 5 3
khi quay quanh tryc Ox la:

2

Vo, = ﬂi[ f(x)] dx

y=f(X

=

Chay
+ Pé tinh duoc thé tich ctia mot khéi tron xoay ta can xac dinh xem khéi do
sinh bdi hinh phang nao va quay xung quanh truc nio.
+ Ciing gidng nhu tinh dién tich hinh cac hinh phang can dugc xac dinh du 4
duodng
+ Do khong xuat hién cac dau gia tri tuyét di nén viéc tinh céc tich phan ciing
don gian hon ta chi can xac dinh cac can tich phan roi tinh ma khong phai chia
doan dé tinh tich phan.
Vidu 1:
Tinh thé tich cua vat thé tron xoay tao boi khi quay hinh phang gi6i han bai bén
dudng sau quanh truc Ox: y=x* ,y=0 ,x=0 ,x=2.
Giai: Hinh phang duogc giéi han boi mot dudng cong va da 4 duong nén
° 32 0, 32r

X 2T (dvtt)

2 2
2
Vo =x| (x))%dx=rx|x*dx=rx (g

Vidu 2:
Tinh thé tich ctia vat thé tron xoay tao bdi khi quay hinh phang gidi han boi hai
duodng sau quanh truc Ox.

25



y=x-2x ,y=0
Bai giai: Do hinh phang chua xuat hién di bon duong nén ta can tim cac duong
con thiéu do chinh 1a cac can cta tich phan

ey R . A . .2 Xx=0
Giai phuong trinh hoanh d¢ giao diém x*-2x=0< {x )

Vay
2 1
V,, = 7zj'(x2 —2x)%dx = ﬂI(XA —4x% +4x%)dx
0

0

(dvtt)

X . X2 16x
=7(—-x"+4—)
5} 3710

15

Vi du 3:Tinh thé tich cua vat thé tron xoay tao bai khi quay hinh phang gidi han
boi bén dudng sau quanh truc Ox.

y=Inx,y=0,x=2.

Bai giai: Hinh phang ciing chua xuét hién du 4 duong, ta giai phuong trinh
hoanh d6 giao diém Inx=0 < x=1

2
V,, = nj(ln x) dx
1

Tich phan timg phan 2 1an ta dugc V =27(In? 2—2In2+1) (dvtt)
Bai tap:
1.Tinh thé tich ctia vat thé tron xoay tao bai khi quay hinh phang gidi han boi
bbn dudng sau quanh truc Ox. y = ‘xz +2x‘ ,y=0,x=0,x=1.
2.Tinh thé tich cua vat thé tron xoay tao boi khi quay hinh phang gi6i han bai
bdn dudng sau quanh truc hoanh Ox.
y=+x*+3x,y=0,x=0,x=1.
3.Tinh thé tich cta vat thé tron xoay tao bai khi quay hinh phang giéi han boi
bdn dudng sau quanh truc hoanh Ox.
y=e,y=0,x=0,x=1.
4.Tinh thé tich cta vat thé tron xoay tao boi khi quay hinh phang gidi han bai
bdn dudng sau quanh truc hoanh Ox.
y=sinx,y=0,x=0,X=m.

2) Vit thé tron xoay tao béi khi quay mét hinh phang giéi han béi 4
dwong trong do co hai dwong y=f(x) va y=g(x) quanh truc Ox.

Hinh phang (H) duoc gidi han boi

4 duong: Jl
y="f(x)
y=9(x)
X=a i
x=b(a<b) N
Lo 4 s . Y. . 0] a b X
Khoi tron xoay sinh boi H khi quay

quanh truc Ox Ia:

Vou =7 [ [ £ 09T =[g(x)]’| dx
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Vidu 1:
Tinh thé tich cua vat thé tron xoay tao boi khi quay hinh phang gi6i han bai bén
duong sau quanh truc hoanh Ox.
y=x*-4,y=2x-4 ,x=0 ,x=2.
Bai giai:
Hinh phang xac dinh da 4 dudong vay khi quay xung quanh Ox ta dugc khéi
tron xoay c6 thé tich 1a

Vo, =7zf (e -a)” - (2x —4)2‘dx=7r_2[ [x¢ ~12x7 +16x(dx
0 0

Dé khir ddu gia tri tuyét ddi ta giai phuong trinh
x=0¢€]0;2]
x*—12x* +16x =0 < | x=2¢€[0;2]
Xx=4¢[0;2]
2
I(x“ —12x* +16Xx) dx
0
Céch 2: Ta c6 the dung do thi
Goi V; la thé tich cua vat thé tron x0ay tao bdi
khi quay hinh phang gi61 han boi bon duong y
=2X-4 ,y=0 ,x=0 ,x=2 quanh truc Ox .

32z

Véy VOx =7

2
V, =7 (2x—4)’°dx
0

s2r

( 4x° 2
= [ (4x* ~16x+16)dx = 7(= =8 +16%)| =
0

Goi V, la thé tich caa vat thé trén tron xoay tao
bai khi quay hinh phang gii han bai bon
duong y=x*-4 ,y=0 ,x=0vax=2
quanh truc Ox.

: p 2567
V, = 7z.|'(x2 —4)%dx = 7Z'I(X4 —8x% +16)dx = ST
0 0

Thé tich ctia vat thé tron xoay can tinh 13 :
VoV, -V, = 2567 32z _ 32

T 3 (dvtt)

Vidu 2:
Goi (H ) 14 hinh phéng gii han boi dd thi ham sé y =4 —x* , truc hoanh va
duong thang y = x + 2 . Tinh thé tich vat thé tron xoay sinh bai hinh H khi quay
xung quanh truc OX
Bai giai

Pay 1a hinh phang gidi han boi hai dudng cong, tuy nhién hinh phang chua
xuat hién du 4 duong.
Ta tim cac duong con thiéu bang cach giai phuong trinh
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x=1

4—x2:x+2<:{
X=-2

Vay vV, = ﬂj ‘(x+2)2 —(4- xz)z‘dx = ﬂ'j. ‘—x“ +9x° +4x—12‘ dx
o) 2

x=3¢[-21]
Giai phuong trinh —x* +9x* +4x-12=0<| x=-2e[-2;1]
x=1le[-21]

188

1 1
V, =7 jz [-x* +9x* + 4x—12|dx = 7 jz (—x* +9x? + 4x—12)dx| = — (@vi)

Céach 2: Dung do thi

Goi V; 1a thé tich caa vt thé tron X0ay tao
bai khi quay hinh phang gii han bai bon
duongy=x+2, y=0,x=-2,x=1
quanh truc Ox .

1
Vl:ﬂj(x+2)2dx 1 y$
2

1 3 1
:ﬂj(x2+4x+4)dx:7r(%+2x2+4x) 2:97z d

-2
Goi V, 1a thé tich ctia vat thé trén tron xoay ©)
tao bdi khi quay hinh phang gidi han boi
bbén duong y=4-x*,y=0,x=1vax=2
quanh truc Ox. - 1 o 3>
2 2 537 = \
vz=;zj(4—x2)2dx=7zj(16—8x2+x4)dx=— ! / \
1 1 15 -
Theé tich cta vt thé tron xoay can tinh 1a :

V=V, 1V, :513—5”+9n=% (dvtt)

co
1
N
N
x

Bai tap twong tw

1 Cho hinh phang sau giéi han béi parabol (P) va duong thang d.

a) Viét phuong trinh cta parabol (P) va ctia duong thang d.

b) Tinh dién tich ctia hinh phang d6.

¢)Tinh thé tich ctia vat thé tron xoay khi quay hinh phang trén quanh truc hoanh.
2.Tinh thé tich cua vat thé tron xoay khi quay hinh phang cho trong hinh vé& sau
quanh truc hoan .
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(P)

3 .Tinh thé tich cta vat thé tron xoay, sinh béi mdi hinh phang gidi boi cac
duong sau day quanh truc Ox:

a) y=0, y=2x-x

b)y =sin’x,y =0, x =0, x—l

2
4 . Cho hamsb y = Lo dd thi (C)

Hinh phang sau gioi han boi do thi (€), tiém cén xién A va cac duong thang
x= 2, x= 3. Tinh thé tich cta vat thé tron xoay khi quay hinh phing d6 quanh
truc hoanh.

5.Cho ham sé y =x*>—3x +2 ¢6 d6 thj (C)
a) Khao sat va v& d6 thi (C) ciia ham s6 da cho.
b) Viét phuong trinh tiép tuyén A ctia d6 thi (C) tai diém c6 hoanh d6 bang 2.
¢)Tinh dién tich cua hinh phing gi6i han bdi db thi (C), dudng thang x = 1 va
tiép tuyén A.
d) Tinh thé tich cta vat thé tron xoay khi quay hinh phang gidi han béi (C) va
truc hoanh quanh truc hoanh.

3) Vit thé tron xoay khi quay mdt hinh phang giéi han béi 4 dwong
sau quanh truc tung

Tuong tu néu (H ) 13 hinh phang gi6i han bai d6
x=9(y)
thi ham sé <=0 (UeOY) o1
y=a
y = b(b > a) x=g(y)
Quay hinh phang (H) quanh truc tung ta dugc mot
vat the tron xoay . a
The tich cua vt thé nay dugc tinh theo cong thirc @ x
b b 2
Vo, = ﬁszdy _ zj[g(y)] dy
a a

Vidul: q
Cho hinh phang gi¢i han béi cac cac duong sau:
y =Inx, tryc tung, va hai duong thang y=0,y=1.
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Tinh thé cua vat thé tron xoay tao boi khi quay hinh phang trén quanh truc
tung .

Bai giai :

Taco y=Ihx < x=¢’

Do d6 thé tich cuia vat thé tron xoay tao bai khi quay hinh phang gi6i han boi 4
X=e’

x=0 (trucOy)

y=0

y=1

duong

1 T
> 02”5(32—90)25(92—1) (dvtt)
Vi du 2: Cho hinh phang (H) gi¢i han boi dudng cong (C): X2 +4y® =4, truc
tung, hai duong thang x =2, y = 2.
Tinh thé tich ciia vat thé tron xoay tao boi khi quay hinh phang trén quanh truc
tung .
Bai giai: Dung do thi

1
1
Vo, = ﬂjezydy = ﬂlezy
0

Taco | yA
X +4y* =4 x> =4-4y°

S x=241-y* ,0<y <1

Goi V 1la thé tich cta vat thé tron xoay tao Bt }
boi khi quay hinh phang gidi han boi nira 2 ]9 4 2
elip(E),x=0,y=0 ,y =1 quanh truc

tung .

1 1
8
V, =;zj(2«/1— y?)?2dy =47zj(1— y2)dy =7
0 0

Goi V, 1a thé tich cua vat thé tron xo0ay tao
boi khi quay hinh phang gidi han boi duong
thang x=2,x=0, y=0 ,y =2 quanh tryc
tung .

V, = ﬂj‘ 2%dy = 7Z'j.4dy =8r
0 0

Thé tich ctia vat thé can tinh 12 ;

87 16
Vo, =V, -V, :87z—?” =57 (@
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Loi két
Mot vién kim cuong sé& chua dep néu ta chwa mai gifia va tao hinh cho né.
Ciing nhu vay mot bai toan ta s& khong thay hay néu ta chwa hiéu hét vé n6 va
chua biét cach giai quyét triét dé bai toan d6. Vi nhiing giai phap da dua ra dé
giai quyét bai toan tmg dung tich phan tac gia hy vong rang tai liéu nay s& tim
duogc su ung ho cta ngudi doc. Du da rat cd ging, song dé tai cling kho tranh
khoi nhitng thiéu sot, tac gia rat mong nhan duoc su gbp ¥ cua cac thay cd va

cua cac em hoc sinh./.

Tai liéu tham khao
1. Tai li¢u gido khoa theo chuong trinh co ban va nang cao sach gido khoa
dai sb va giai tich 12.
2. Cac dé thi dai hoc qua timg nam.
3. Cac sach tham khao cua tac gia Tran Phuong, Phan Huy Khai.
4. Mang Internet.
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