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MOT SO CHU VIET TAT VA CAC Ki HIEU TRONG SANG KIEN

I. Mot sb chit viét tat.

AM - GM — Arithmetic mean - Geometric mean.

MO - Olympic Toan qubc gia.

IMO - Olympic Toan quoc té.

IMO Shortlish — Danh séch ngan cac bai dé nghi clia cic quoc gia trong IMO.
APMO - Olympic chau A Thai Binh Duong.

VMEO - Ky thi giai toan trén mang ctua trang www.diendantoanhoc.net.

TST — Dé dy tuyén thi toan qubc té.
Dpcm — Diéu phai ching minh.

II. Céac ky hiéu téng va tich thong dung.
iak =a1+as+ ...+ ay.

k=1

n
I ar = a1.a9...a,.
k=1

Yo aia; = a1aa + araz + ... + ara, + asaz + ... + asan + ... + ap_1as,.
1<i<j<n



SANG KIEN KINH NGHIEM

MOT SO PHUONG PHAP LAM MANH
BAT DANG THUC

0.1 Muc dich, su can thiét

Bét dang thitc 1a mot noi dung lau dsi va quan trong clia toan hoc. Su ra doi va
phét trién clia bat déng thiic ¢6 sttc hiit manh mé véi nhitng ngusi yeu va dam mé toan
hoc, khong chi & vé dep hinh thiic ma ci & nhing bi an né ludén thoi thic ngusi lam toan
phai tim toi, sang tao. Bat ding thic con c6 rat nhicu tng dung trong cac mon khoa hoc
khéc va trong ca thie té. Ngay nay, bat dang thiic van luén chiém mot vai tro quan trong
va van thuong xuat hién trong cac ky thi hoc sinh giéi cap truong, cap tinh, quoc gia,
quoc té.

Trong sang kién kinh nghiém nay, t6i xin trinh bay mot huéng méi tiép can bat
déng thitc d6 14 “Mot sd phuwong phap lam manh bat ding thiic”. T cac bat déng
thitc quen thuoc, két hop véi mot sé bat dang thiic co ban ta c6 thé xay dung cac bat

déng thitc manh hon. T dé, ta sé xay dung dugce rat nhiéu cac bat dang thiic méi va la.

0.2 Pham vi trién khai thuc hién

Pbi tuong nghién ciu

- Muc tiéu chuong trinh nang cao va Toan chuyén THPT.
- Sach gido khao nang cao va chuyén Toan.
- Cac bai toan trong chuong trinh thi dai hoc va thi hoc sinh gioi bac THPT.
- Mttc do nhan thic ctia hoc sinh truong THPT chuyén Lé Quy Don.



Pham vi nghién ctu

- Chuong trinh nang cao va chuyén Toan THPT.
- Cac chuyen de thi dai hoc va hoc sinh gi6i quoc gia.

- Hoc sinh truong THPT chuyén Lé Quy Don.

Tién hanh thuc nghiém

Day thuc nghiém cho hoc sinh doi tuyén hoc sinh gidi quéc gia mon Toan nam 2015

va doi tuyén hoc sinh gidi Toan 16p 11 nam hoc 2014 - 2015.

0.3 NOi dung

0.3.1 Tinh trang giai phap da biét

Bét déng thic 13 mot noi dung khé ctia chuong trinh Toan THPT, noi dung bai
hoc Bat déng thic trong chuong trinh sach giao khoa 16p 10 nang cao va co ban c6 sb
tiét kha khiem tén, nhu vay hoc sinh chi c6 thé gidi quyét duge nhitng bai toan hét sic
co ban va don gidn vé bat dang thic trong sach gido khoa va sach bai tap.

Trong thic té tat ca cac ki thi hoc sinh giéi cap truong, cap Tinh, hoc sinh gidi
qubc gia va khu vie, noi dung bat dang thic 1a noi dung khong thé thiéu va doi héi hoc
sinh phai c6 ki nang van dung tot, linh hoat nhiéu kién thitc vé noi dung nay. Chinh vi
vay nham gitp cac em c6 thé van dung va két néi cac noi dung da duge hoc vé bat dang
thitc toi da chon dé tai nay. Noi dung clia sang kién kinh nghiém nay cé thé gitp giai

quyét mot phan co ban cic van dé da néu & trén.

0.3.2 No6i dung giai phap
0.3.2.1 Co sé li luan va thuc tién

a) Dinh nghia va tinh chit co ban ctia bat dang thiic

1. Dinh nghia bat ding thic



A>B&< A—-B>0.

A< B& A-B<O.

Nhu vay tit dinh nghia ctia bat dang thiic, ta c6 ngay mot phuong phap dé ching
minh bat dang thitc: Dé chiing minh A > B, ta chi can chiing minh A — B > 0 va mudn
chiing minh A < B ta chi can chiing minh A — B < 0.

2. Cdc tinh chét co ban cia bat dang thic

1) Tinh chat bac cau

Néua > b, b>cthia>c
2) Néu a > b thi
ma > mb khi m > 0
ma < mb khi m < 0.
dua>bcec>dthia+c>b+d.

éua>bc<dthia—c>b—d.

éua>b>0; d>c>0thig>g.
C

) N
) N

5) Néua >b>0; ¢>d>0 thiac> bd.
) N
YNéua >b>0thia>b<s a®> b
)

) ( )" =a*+ 2ab+ b* = (a* + b*) + 2ab.
2) (a — b)* = a® — 2ab + b* = (a® + b*) — 2ab.
) ( )? = a® + 3a%b + 3ab® + 7.

5) a®> —b®> = (a —b) (a+b).
6) a® —b® = (a — b) (a* + ab + b?).
a® — b = (a—b)’ +3ab(a—b).

)

)

7) a® + b = (a +b) (a* — ab+b?).
a® 4+ 0* = (a+b)° — 3ab(a+1b).



8 a" —b"=(a—0b)(a" '+ a0+ ... +ab" 2+ "), neN-

9) a® ! + " = (a +b) (a® — a®™ b+ ... —ab®™ 1 + ™), neN
2. Cdc ddang thitc md rong

1) (a+b+c)’=a?+b+c+2(ab+be+ ca).

2) (a+b+c)’ =a®+ b+ ¢+ 3ab(a+b) + 3be(b+ c) + 3ca(c + a) + Gabe.

(a+b+c)=a®++A+3(a+0b) (b+c)(c+a)

3) (a+0b)(b+c)(c+a)=ab(a+b)+bec(b+c)+ ca(c+ a)+ 2abe.
4)
5)
6) a®> +b*+c* —ab—bc—ca=

(a+b+c)
2

(
(a+b)(b+c)(c+a)=(a+b+c)(ab+ bc+ ca) — abe.
(

a+b+c)(ab+bc+ca)=ab(a+b)+bc(b+ c) + ca(c+ a) + 3abe.
(a—b*+ (=0 +(c—a)®

2
[(a—b)2+(b—c)2+(0—a)2].
(a=b"+ (-0’ +(c—a)

7) a® 4+ b3 + ¢ — 3abe =

8) ab + b’c + c*a — ab® — bc? — ca® = 3
9) a3 + b3 + B a2b— b — 2q — (2(1—"-b)(a—b)Z—i-(2b—i—c)3(b—c)2—i—(2c—i—a)(c—a)2 .
10) a*b+ bPc + *a — ab® — bc® — ca® = w [(b—a)’ +(c—b)°+(a—¢)’].

c) Bat dang thitc AM — GM

Cho ay, as, ..., a, 1a cac s6 thyc khong am, ta c6

ay + as + ... + ap
n

> Maias...Qy,.

Déng thitc xdy ra < a; = as = ... = a, > 0.
Hé qua 1.1.1. Bat dang thiic gita trung binh cong va trung binh diéu hoa.

Cho ay, as, ..., a, 1a cac s6 thyc duong, ta co

a, + ag + ... + ay, n
2 T
" — =+ —
3] a2 n
Ding thic xay ra < a; = as = ... = a,.

d) B4t dang thic hoan vi

Cho hai day s6 thuc hitu han dude sip thit tu ciing chiéu nhau chang han 1a hai

day don diéu tang



by <by <...<b,

Goi (t1,ta, ..., t,) 1a mot hodn vi tiy ¥ cta (by, by, ..., by,).
Khi d6 ta ¢6 a1b; + asby + ... + anb, > a1ty + asty + ... + anty,.
Dau dang thitc xay ra < a; = ay = ... = a, hoiic by = by = ... = b,,.
Hé qua 1.1.2. Bat dang thitc Cauchy — Schwarz
Cho hai bo s6 thuc ay, as, ..., an; b1, ba, ..., by, khi do ta c6

(@3 + a3+ ... +a2) (B2 + 03+ ... +b2) > (arby + aghy + ... +anby)’.

Déng thiic xay ra < Z—ll = Z—j =..= Z—:.
Heé qua 1.1.3. Bat dang thiic Cauchy — Schwarz dang Engel
Cho hai bo s6 a; € R, z; € R* (z = 1,_n), khi do

2

" af - (a1 +as+ ...+ ay)

i=1 g T1+ o+ ...+ Ty
a9 Qp,

N , 2 al
Dang thic xay ra & — = — = ... = —.
T T2 Tn

Hé qua 1.1.4. Bat déng thiic Nesbit.

b c

3
Véi a,b,c > 0, ta co a + + > —.
b+c c+a a+b 2

Dau dang thitc x4y ra khi va chi khi a = b = c.
Hé qua 1.1.5. Bat ding thiic Tchebyshev
Cho hai bo s6 thuc a; < as < ... < a,;b; < by < ... < by, ta cod

a1b1 +a2b2+...+anbn S aq +CL2+ +an b1 +b2++bn
n - n ’ n ’

Dau déng thic Xy ra < a1 = ag = ... = a,, hoiic by = by = ... = b,,.

e) Bat dang thic Schur tong quat

Dinh 1ly. Véi a,b,c > 0 va k 1& s6 thiyc bat ky ta luon c6



a*(a—b)(a—c)+b"(b—c)(b—a)+c(c—a)(c—b)>0.
Ching minh.

Khong méat tinh téng quat, gia st a > b > ¢ ta ¢
VI =c*(a—b)(b—c)+ (a—b)[a"(a—c)—bF (b—c)] >0.

Diéu nay hién nhién ding. Bat dang thiic Schur duge chitng minh.
Diéng thiic xay ra < a = b = ¢ hodc a = b,c = 0 va cac hoan vi.

Dac biet khi k=1 va k = 2:
a® +b* +c* + 3abc > ab(a+b) +be(b+c) + ca(c+a)
a* + b+ +abe(a+b+c) > ab (a® + b)) + be (b + %) + ca (a® + 7)

0.3.2.2 Giai phap thuc hién

a) Xay dung bat dang thiic xoay vong tit bat dang thiic

1 1 n
+ T > .
1+x21 14 a9 1+, 1+ v/xy.29...2),

Xuét phét tit cac bat déng thiic co ban ta c¢6 thé xay dung dude céc bai toan ching

minh bat diing thitc kha tha vi ma cach lam hét stc don gidn. Tit bat déing thitc ban dau

(x —y)® >0 Va,y. Ta co thé xay dung cac bat ding thitc dua vé dang
alr —y)* >0 Yo,y VYa>0.

Néu Vz,y > 1, dit a = zy — 1 thi ta luon ¢6 (zy — 1) (z —y)* > 0.
Tu do ta co6 bai toan sau
Bai toan 2.1 (Dé thi hoc sinh giéi TPHCM 2002 — 2003)
Cho =,y > 1. Chitng minh rdng
1 1 2
+ > .
1422 149>~ 14ay

(2.1)

Loi giai.
Ta co,dox,y > 1suyraxy > 1hay zy —1>0, vay zy + 1 > 0.
Khi do

10



(L) e Q+ay) 1+y°)+Q+ay) (1+2°) >2(1+27) (1+4°)
& ay +y? +ay’ oy + 2?2y > 227 + 27 + 207y
o 2y + oy + 20y — 22 —y? — 2222 >0

Dau “=" x4y ra khi va chi khi # = y hodc zy = 1.
Vay ta c6 dieu phai ching minh.
Nhan xét. Tit bai toan trén ta c6 bat ding thic tuong duong: Véi z,y > 1 ta ¢

1 . 1 > 2 '
1+ 1+4+y = 1+ /2y

Tt dang thic trén ta c6 dudce cach giai bai toan sau

Bai toan 2.2. TS vao 10 Chuyén KHTN 2004

Cho a,b,c > 1. Ching minh rdng

1 1 1 1 1 1
+—+ > + + .
l+a 140 14+c™ 14+Va® 1+Vb? 1+ Vead

(2.2)

Loi giai.
Tt bai toan 2.1 ta cé bat dang thic

Lo, 12
l+a 1+4b~ 14++ab

Khi d6 ta co

1+3_1+1+2>21+1
l+a 1+b 14+a 1+b 140~ " \14+Vab 1+0b

Hay
1 3 4
+ >
1+a 1+ 1+ vVbVab
1 3 4

> . 1
Cire T TS T (1)

Tuong tu ta co

1 4 3 S 4
].+b 1+C_\4/bc3

11
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1 n 3 S 4
1+c¢ 1+a_\4/ca3

(3)

Cong vé v6i vé cua (1), (2), (3) roi chia cho 4 ta duge diéu phai chiing minh.
Dau “=" x4y ra khi va chi khi a = b = c.

Mé rong bai toan 2.1 trén véi 3 bién z, vy, z ta dudge bai toan sau.

Bai toan 2.3 .

Cho .7,z > 1. Chitng minh rdng

1 n 1 n 1 S 3
I+23 14y 1425~ 1+ayz

(2.3)

Loi giai.
Ap dung bai toan 2.1 tren ta c6

1 1 2
+ >
1422 149y~ 14+ /2343
1 1 2
+ >
1+23  1+ayz = 1+ /oyt

(1)

(2)

Cong vé véi vé clia (1) va (2) ta dugc

1 1 1 1 1 1
+ + + > 2 +
L+23  1+y*  1+2% 14azyz = (14 /a3y3 14 /oyt

Ap dung (2.1) ta c6

2

1 1
+ > .
14+ 233 1+ Jaoyzt 14 Jatytzt

hay
1 1 2
+ > :
1+/23y 14 Jayzt — 1+ayz
Suy ra
1 L 1 L 1 L 1 S 4
1+23 149y 1428 14aoyz — 1+ayz
Hay

12



1 1 1

> . (D .
1—|—x3+ 1—i—y3jL 1422 = 1+uzyz (Dpem.)
Dau “=" xay ra khi va chi khi z = y = 2.
M6 rong bai toan cho 4 bién ta dugc bai toan.
Bai toan 2.4.
Cho x1, 15, 13,24 > 1. Chitng minh rdng
1 1 1 1 4
) 2.4
1+x‘f+1+x%+1+x§+1+xﬁ_1+x1m2m3x4 (2:4)
Téng quat bai toan 2.1 cho n bién ta dugc bai toan sau
Bai toan 2.5.
Cho z1, 9,3, ...,y > 1,n > 2. Chiing minh réng
1 1 1 1
> n (2.5)

1+ 2y * 1+ a2y * 14 2% o L4+ anr = 1+ z12923...20,
Loi giai.
Ta st dung phuong phap chiing minh quy nap

Tit bai toan 2.1 ta c6 duge bat déng thitc

1 1 2
+ >
I+22 14y> =~ 1+ay

Vay véi n = 2 bat dang thiic ding
Gia st v6i n = k (k > 2) bat dang thitc ding, nghia la

1 1 1 k

+ + ..+ >
L+a2b 1+ ab L k/xifxé;xg

Ta chitng minh véi n = k + 1 bat ding thiic trén luon dang, nghia la phai chiing minh

(%)

1 1 1 S kE+1

+ ot _
1 + xlf—i_l 1 + x§+1 1 + xii% -1 + T1X2...Tk+1

1 1 1

= + o ———
1+ ot 14 bt 1+ :L”,f:ﬁ

13



Theo gia thiét quy nap ta co6

1 n 1 - 1 k
1+t T4af™ 14t T +opah gk xZJrl
P ) oz » Az 1 )
Tiép tuc ap dung gia thiét quy nap véi (k — 1) phan so ta co
1+ 2129, 2511
1 1 1 k
1+xk+1+1—|—xx T T +1—|—:cx T - bkl K
i 179+ Thet1 T2 Tl ] 4 \/ L

Mat khéc ta c¢o

1 2
+ > :
Btlphtl | gkt k=1, k=1 .2k
1—1—\/ " 1+\/x1 Ty T 1+\/ x2k g2k leil

Hay
1 1 2
+ > 1 .
14 ]\“/x'f“m';“ 1y \/xlf Lph=t a2k + T1%0.. Ty
Suy ra
k—1 2k
S+ >
1 —|—.171.Z‘2..‘ZL‘]€+1 1 —f-ZL‘ll’Q...l‘]H_l
k+1
s 5> + .
1 +[E11’2...l’k+1
Vay suy ra
1 1 1 1 n
+ + o+ > (n>2).
IT+2? 1423 1+ay 1+ap = 1+ 220732,
Dau “=” xay ra khi vd chi khi z; = 29 = ... = x,, (21,22, ..., 2, > 1)

Xay dung bai toan mdéi
Tt bai toan 2.1 ta c6 bat dang thic

1 n 1 >
1+ 1+4+y = 1+ /vy

(Vo,y > 1).

Mat khac ap dung bat dang thitc Cauchy cho hai s6 thuc duong .,y ta co

r+y > 2/ry.

14



Il+x+y=>1+2/xy.

Tt dé ta c6 dude bat dang thiic sau

(1+x+w(1+x T ) L+Afj(1+¢_>
@(1+HLSE>+<1 1+y)>2+%
© y o 2

= + .
1+y 142~ 1+ /2y
T d6 ta c6 duge bai toan mdéi sau
Bai toan mdi 2.6.
Véi x,y > 1, ching minh rdng

2\/x
vy Y Y (26)
1+y 142~ 14+ 2y

Nhan xét. Phat trién bai toan trén cho ba bién ta dugc

1+1+1
1+ 1+y 1+=z

(1+x+y+z)( )Z(l+3{7x_yz)(

3
1+W_yz)

3.23xyz
Y+ 2z z+x x+y>3+ Y

&3 T —
+1—|—x 1+y 142z~ 1+ Yzyz

y+z z+m+x+y>3.2,3/a:yz
1+ 14y 1+2z 7 14+ Jayz

Tu d6 ta dude bai toan sau

M¢ rong bai toan 2.6 cho n bién duong ta duge bai toan sau

Bai toan méi 2.8.
Voi x1,x9,...,0, > 1, n>2; S= f:la:i, ching minh rdng
f+§j+f+jj+'“+f+x zn(?jL 1@/7)3;-@' (28)

15



b)Xay dung bat dang thic tit dang lam manh
oz(a—b)2 >0,a > 0.

Huéng bién doi 1.

Néu z,y > 0thi a = 2y +1 >0, . Khi dé ta c6 bat dang thiic
(zy +1) (z — y)* > 0 viVe,y > 0.

Xuét phét tit bat dang thiic trén ta c6 bai toan
Bai toan 2.9.
Cho =,y > 0. Chitng minh rdng
1 n 1 S 1
(1+2)*  (L+y)?* ~ Lt+ay

(2.9)
Loi giai.

Do x,y > 0 nén ta co 1+ xy > 0.

Khi dé

29 e 1+y)’ A +ay) + (1 +2)° A +ay) > (1+2)°(1+y)°

S 2420 +2y+ 2 +y?) (L+azy) > (14 22+ 22) (1 + 2y + y?)

S242(x+y)+2?+yi+2zy+2zy (x +y) +ay (2 +y?) > 1+ 2y + v + 20 + day +
2 + 2zy (z + y) + 2%y?

& 1+ oy (22 +y?) > 22y + 22y?
& (zy+1) (z —y)* > 0 luon dang véi YV, y > 0.
Dau “=" xay ra khi va chi khi z = v.

T do ta c6 diéu phai chiing minh.

Nhan xét. Cho cac sé x,y,z,t > 0. Ap dung bai toan (2.9) ta c6 cac bat ddng thiic sau

1 n 1 S 1
(4o (1+y° 1+
1 1 S 1

+ >
(1+2)? (1+¢)? 14zt

16



Khi d6 ta c6 bat ding thiic

1 n 1 L 1 L 1 S 1 L 1
(L+2)"  (I+y)° (142" (1+° " 1zt Lty

Mat khac ta co

1 N o 24 xy + 2t
l4+azy 142t 1+azy+2t+ayst

Vay néu cho thém gid thiét zyzt = 1 ta dugc bai toan

Bai toan 2.10. (China TST 2004)

Cho z,y,z,t >0 va théa man z.y.z.t = 1. Ching minh rang

Loyt b b S @20
(1+2)" (149 (142" 1+~

Hudng bién déi 2. Néu z,y > 0 diit o = = + y thi ta c6 bat ding thitc sau
(x+y) (x—y)" > 0.
Mat khac ta co

(& +y)(x—y)* >0
& (x4 y) (x2—2xy—|—y2) >0
sy —ry(r+y) >0
2P+ 9P > ry(z+y)

x3 x?
@—2+y2—+x.
Yy

Vay tuong tu v6i 3 s6 x,y, 2 > 0 ta c6 cac bat ding thic sau

x3 x?
—2+y2—+x
?/3 y2
Y Y
a2 TEZ Y
3 9
2z 2
—+x> —+z.
2 x

Cong vé v6i vé clia ba bat dang thic trén ta duge bat ding thic sau

17



Tu do ta c6 bai toan.

Bai toan 2.11. (Junior Banlkan 2000)
Chitng minh rdng vdi Vz,y,z > 0 ta cé

513'3 yS 23 2 2 2

—+—+—22
Yy z

Nhan xét
Tir dang thic (z + y) (z — y)* > 0 ta bién ddi tuong duong
(x+y)(x—y)* =0
S (r+y) (@ —zy+y° —ay) >0
S (x+y) (@ —zy+y’) —ay(x+y) >0
s+ -2y —ay® >0
o B 4P > 2y + oy
23
@z;+f2xﬂhw
T do ta co bai toan
Bai toan 2.12. (TS vao 10 Chuyén KHTN HN 1996)
Cho a,b,c la cdc sbé thuc duwong. Ching minh ring

3 B B
a_+_+c—2ab+bc+ca. (2.12)
b c a

Loi giai.
Do a,b duong ta c6 (a +b) (a — b)* > 0.
Mat khac
(a+0b)(a—1b)*>0
& (a+0b) (a® —ab+b* —ab) >0
& (a+0b) (a® —ab+b*) —ab(a+b) >0
S a4+ —a?h—ab®> >0
= a2 4+ b > a?b+ ab?

a3
<:>€+b22a2+ab. (1)

18



Tuong tu ta co

b3
— +c* > b+ be. (2)
c
A
—+a?>>c+ac (3)
a

Cong vé vai vé ctia (1), (2), (3) ta duge bat dang thitc can chting minh.
Nhan xét. Nhu trén ta bién déi bat ding thitc (z + y) (x —y)® > 0 theo cach khéc ta
ducc

(z+y) (x—y)* >0

S (r+y) (@®—zy+y° —ay) >0
& (@+y) (@® —ay+y*) —ay(e+y) 20
s+ -2y —ay® >0

& 6y° — 2%y — ay? > 5% — 2°
& (2y — z) (zy + 3y*) > 5y® — 2
5y° — 23

< 2y — .
xy + 3y? — 4

Vay v6i cac s6 z,y,z > 0 ta c6 bat dang thiic

5 3 _ .3
ugy_x_
xy + 3y?

525 — 3
— < 2z —u.
yz + 322 — 4
bad — 23 <9
—_— T — Z.
rz + 322 —

Cong vé v6i vé clia 3 bat dang thiic trén ta duge bat ding thiic

Sxd3 — 23 53—y Byd — a3
<r+y+z.

xz+3x%  yz+322  xy+3y? T

Tu do ta co bai toan

Bai toan mdéi 2.13.
Chitng minh rang vdi Vzr,y,z > 0 ta cé

3

S5ad — z S5y —a® 53—
< ) 2.13
xz+3x2+$y+3y2 yz+3z2_x+y+z ( )
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Mé rong bai toan trén cho n bién ta c6 duge bai toan sau

Bai toan méi 2.14.
Chitng minh rang véi x1,xs, ..., 2, > 0 ta co

3_ .3 3_ .3 3 3 3 3
0Ty — T3 oxy — Ty DT, _ — Ty T, — T

<Sa. o (2.14)

1173 + 322 Tomwy + 373 DTy 1+ 322 | wow, + 322

Nhan xét. Bién d6i bat ddng thic (z + y) (x — y)* > 0 theo cach khac ta dugc
(z+y)(x—y)* >0

S (z+y) (@ —zy+y° —ay) >0

& (r+y) (2 —zy+y°) —ay(z+y) >0
s+ -2ty —ay® >0

S22 +4) > (@ +y) (@ + o)

$3+y3>$+y

=
24y T 2

Tt dé ta c6 duge bat dang thic

3 3 3 3 3 3
x° + +z 2+

5 y2 y2 5 5 S >rt+yt+z (%)
Tt +y ye+z Z“+

Mat khéac, ta co

POV ST SN RS, B

+ +
v?+y? P 22 a?

>0

That vay, khong giam tong quét, gia st > y > 2 khi d6

B S P
Pty T oyr+2?
J: B .

22+x2—y2_’_22

Tu do suy ra

3 3 3 3 3 3
X z z T

+
$2+y2 y2+22 Z2+I2_

Hay ta dugc bat dang thiic

20



$3 y3 Z3 y3 2,3 $3

- - > - -
$2+y2 y2+z2 22+$2_l’2+y2 y2+22 22+ZE2

Vay suy ra

3 . P ) 3 B NUP R SRS S Qs
22 4+y?  y?+22 22422 T a24y? Y2422 22 4 2

()

Vay tit (%), (%*) ta c6 dugec mot bat ding thitc manh sau

Bai toan mdéi 2.15.

Véi x,y, 2 > 0, chitng minh rdng

3 y° 23 r+y+z
> . 2.15
x2+y2+y2+22+22+x2_ 2 ( )
Tu do ta co bai toan
Bai toan 2.15%.( Bai toan 1.7)
Cho z,y,z > 0. Chitng minh rdng
3 3 23 THy+z
2 2 T3 0 2 T 2 5 2= : :
T4y +y Y +yz+z ¢tz +x 3
(2.15)
Loi giai.
Cach 1. Lai giai bai 1.7.
Cach 2.
Ta co
3 3 23 rt+y+z
+—L 4 >y
224+ay+y? yPr4yz+22 224 zo+a? 3
3 3 23 2r — 2y — 2z 2z—x
& TR — e N A
2+ry+y? Y +yz+22 0 224z 42 3 3 3

3 20 —y Y3 2y — z 23 2z —x
& - + - + - =
2 + xy + y? 3 Y2 +yz + 22 3 22 4 zx + 22 3

0

L@ ey ) Qe—y) 3 - (P yr+ ) 2y —2)
2% + 1y + 3 Y2 +yz + 2
323 — (22 + w2z + 1?) (22 — )
22+ zx + 22

>0
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234+ 1% — 2?2 — x2?
22 4+ zo + 22

Y3+ 23—yt — 2%y
v +yz+ 2

x3+y3—x2y—xy2
v+ xy + y?

>0

(z+ ) (,z—:L’)2

22 4+ 2o+ 22

(z+y) (-9’ (y+2)(y—2)
2 4+ xy + y? y:+yz+ 22
luon dang véi moi z,y, z > 0.

Dau "=" x4y ra khi v& chi khi z = y = 2. Suy ra bat dang thitc dudc chitng minh.

Cach 3. Ta ¢o6

r—y+y—z+z—x=0

25—y B — 2P .\ Boad
?2tray+y? yrtyz+22 0 22+ zx+ a?
3 B Y3 .3 3
& + + = + +
224+ay+y? PRt yz+22 24zr+a? 24aoy+y? yi4yz+ 22 224 zx + a2
Hay
3 ) 3 ) . L a gy gt 2P B
w2ty +y? P tyr+22 0 R24ar4a?| 24 aoy+y? 24t yr 22 224 za a2
Mat khac, 4p dung bat déng thic AM — GM ta duge
3 3
) T2 2107
Pty T 5 e, Ty
2
Hay
3 2 28 )
24+ aoy+y? T 3 a2 +y?
Twong tu ta c6 duge
oy 2y (2)
Y 4yz+22 7 3 y?+ 22
23 2 28 )
224 ze 42?7 3 22+ a2

Cong vé véi vé clia bat dang thic (1), (2), (3) ta duge
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1’3 ys ZS

+ +
v2+y? P 22 a?

ZL‘3 y?’ 2’3

+ +
22+ay+y? P 4yz+22 0 224 zo+a?

2
> —.
— 3

Tit bai toan 2.15 ta suy ra bat ding thitc duge chiing minh.
Tong quat hoa bai toan trén ta dude bai toan
Bai toan mdéi 2.15%**.

Véi x,y,z > 0, chitng minh rdng

x3 Y3 23 r+y+z
2 2 5 2 3 2 =
Tr+y-+axy y-+z4+ayz ¢+ zé+ azx 2+«

(v >0)

c) Xay dung bat dang thic tir dang lam manh

1 I (¢ —a)?
(¢—a) (a+b_c+b> ~(a+0b)(c+b) ab,¢>0.

Xuat phat tir bat ding thiic co ban
(@ =9+ y—2)"+ (-2 >0

Dau “=" x4y ra khi va chi khi z = y = 2.

Ta xay dung cac bat déng thitc c6 dang
alz—y)P + By —2)+v(z—x)*>0véi a,B,v > 0.

Hudng bién doi 1.
Ta thay (z —y) (
Tt dé ta c6 bat ding thic

1 1 ):( (z—y)°

y+z T4z y+z2)(x+2)

(z —y)* (y — 2)? (=2
(x+2)(y+2) Wt+a)(z+z) (r+y(z+y) —

Bién doi bat dang thitc trén ta dugc

(z—y)° (y — 2)? (z — x)?
(z+2)(y+z) W+z)(z+x) (+y)(z+y) —

R I R R Pzt R SR ] P el L

y+z x+z m+z_x+y :(:—l—y_y—i-z
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1 1

& z—x—y+z+ r—y—z+xj+—y—z—r+y =0
x+y[ y+2] y+z[ y I+l y) =
1 1 1

& 2z—(z4+y)+—20 - (y+2)|+ —2y—(2+2)] >0
T 2 ) e ) o - o] 2
2 2 2

o 2 + Y + © >3

y+z z+zx x4y
x Y z 3

& + + > —.
y+z z4+x x4y~ 2

Tu do ta duge bai toan thuong gap trong chuong trinh 16p 10

Bai toan 2.16.
Cho z,y,z > 0, ching minh rang

T Y Z
+ +
yt+z z+x THY

3
> —, 2.1
>2 0 (216)

Nhan zét. Md rong bai toan trén 5 bién a, b, ¢, d, e > 0.

Ta thay
1 I (c—a)?
(c—a) [a+b_b+c__(a+b)(b+c)'
1 1] (d-b)
(d=9) {b+c_c+d__(b+c)(c+d)'
! I (e —c)?
(e—¢) c+d d+e| (c+d)(d+e)
(a_d)' 1 1] (a—a)
Ld+e at+e|] (a+e)(e+d)

(b—e)

1 1 }_( (b—e)’

la+e a+b a+e)(a+b)

T do ta co bai toan sau

Bai toan 2.17.
Cho a,b,c,d,e > 0. Ching minh rdng

c+e d+a e+b a+c b+d>

) 2.1
a+b+b+c+c—|—d+d—l—e+e—|—a_5 (2.17)

Lap luan tuong ty mdé rong bai toan trén cho n bién duong ta dude bai toan sau

Bai toan 2.18.

Cho n s6 duong x,, s, ...,x, . Chitng minh rdng
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T3+ T, Ty4+ Ty Ty + Ty To + Ty
3 i 4 1+ 5 2+...+ 2 1
T+ T2 Lo+ I3 T3+ T4 Ty + 21

>n. (218)

Nhan xét. Ta md rong bai toan theo huéng khac bang cach cho cac hé sd m, n, p vao cac

déng thic thi

x Y z

m. +n. +p >7

Y+ z Z+x r+vy

Xét bai toan

Bai toan 2.19.( HSG 16p 12 TPHCM 2002 — 2003)
Cho a,b,c > 0. Chitng minh rdang

25a 16b c

> 8. 2.19
b~|—c+c+a+a—|—b ( )
Loi giai.
Ta cb
25a 16b c
- -
b+c c+a a+bd
25 16b
= 2 o5 164 —— 142
b+ c c+a a+b
25(a+b+c¢) 16(a+b+c) a+b+c
= - -
b+c c+a a+b

25 16 1
:(a+b—|—c)< + + )—42.
b+c c+a a+bd

Mait khac ap dung bat dang thitc Cauchy - Schwar dang Engel ta c6

2 16 1 >(5+4+1)2
b+c c+a a+b) ~ 2(a+b+c)
Hay
25 N 16 N 1 S 50
b+c c+a a+b) " 2(a+b+c)
Vay suy ra
25 16 1 50
b > b —_
@+ +C)(b+c+c+a+a+b)_(a+ +C)(a+b+6)
Hay

25 16 1
(a+b+c) + + > 50.
b+c c¢c+a a-+bd
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Suy ra

25a 16b c
+ + >
b+c c+a a-+bd

8.
Dau “=" x4y ra khi va chi khi

a+b==k a=0
S bte=5k<=< b=k (volyvia>0)

c+a =4k c =4k

Vay dau ding thiic khong xay ra.
Suy ra bat dang thitc duge chitng minh.
Nhan xét. Tong qua bai toan néu ta thay 25 béi m, 16 béi n, 1 béi p véi m, n, p duong

thi ta c6 dang thic

2
ma nb pe (vm+\/ﬁ+\/ﬁ)
> b — .
b+c+c+a+a+b_(a+ +e) 2(a+b+c) (m 4+ p)
Hay
ma nb pc 2
> — .
b+c+c+a+a+b_(\/m+\/ﬁ+\/ﬁ) (m+n-+p)

Tt dé ta duge bai toan tong quat

Bai toan 2.20.

Cho m,n,p va a,b,c la cic sé duong. Chiing minh rdng

ma nb pc 2
— . 2.2
2 c+c a+a b>(\/m—|—\/ﬁ+\/g_9) (m+n+p) (2.20)

Loi giai.
Ta cb
ma nb pc
+ +
b+c c¢c+a a—+bd
ma++nb++pc+(++)
= m n+4+ — —(m+n
b+c c+a a+b p P
m(a+0b+c n(a+b+c a+b+c
o ), ) . p ) tmtnsy
b+c c+a a+b

m n p
= b - :
(a+ +C)<b+c+c+a+a+b) (m+n+p)
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Mait khac ap dung bat dang thitc Cauchy - Schwar dang Engel ta c6

m . on p (vVm + v+ /p)
+ + > :
b+c c+a a+bd 2(a+b+c)
Tu do ta co
2
ma nb pc (Vm+vn+ /D)
> b — .
b+c+c+a+a+b_(a+ o) 2(a+b+c) (m+n+p)
Hay
ma nb pc 2
> — .
rret e Taxs 2 (Vm+n+p)" — (m~+n+p)

Dau “=" x4y ra khi

Vi _

b+c c+a a+b

(a+b=k (k>0) a:k.\/ﬁJr;/\;]_;\/m

& bj%zk% & b:k'\/ﬁ_é/jgﬁ
cta—kYl R R R
* v SRR

Do a,b,c > 0 nén diéu kién ctia m,n, p dé dau dang thic xay ra la

VP +Vn>m
Vm+n>\/p-
VP Vm >/

Hudng bién déi 2. Ta thiy

e (L) = e

T4z y+z T4 2)(y+z)

Vay véi

_ Ty g
a= (:c—l—z)(y—irz)’ﬂ_

Yz o ZT
ro)z+2) ) (49 (@ +y)

ta c6 dugc bai toan sau.

Bai toan 2.21

Chiing minh rang véi Vz,y, 2 > 0 ta c6
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vy N 3@yt

< (2.21)
r+y Y+ z Z+x r+y—+z

Loi giai.

Bién ddi (2.21) ta duge

x2—|—y2 y2+22 Z2—|—ZL‘2
+ +

r+y y+z zZ+x

(221) & (z+y+2) <322+ y? + 22

2 2 2 2 2 2
2t y) pW ) Y(EET) g ey

& 222+ + 22) + <
Tty y+z zZ+x

o Y)W ) YEHD) a ey
T4y Y+ z z+x

2 2 2 2 2 2
. x%ﬁ/_x ty Yy +z ) 42 2+ ) <o
r+y Y+ z Z+x

@x(y(y—w)+2(z—$))+y(m(x—y)+2(z—y))+z (x(x—Z)er(y—Z)) <0

1 1 1 1 1 1
- B B B B _ _ <
(@ y)(x—%z y%—z>+y2@/ 2)(x—%y x—F2)+ﬂw(2 x)(y‘Fz Z‘Fx) a
0
2 2 2
- wyle—y)” yzly—z) wz(z—x) < 0 luon ding véi Vr,y, 2 > 0

(z+2)(y+z2) (W+2)(rt+y) (+y) (y+2)

Dau “=" xdy ra khi va chi khi z = y = 2.
Vay tu do ta co

T+ Y+ z z+x rT+Yy+z

véi Va,y,z > 0

Mé rong bai toan trén cho n bién ta duge bai toan

Bai toan 2.22.

Véi x4, 2o, ..., 2, > 0, chitng minh rang

2
2 2 2 2 2 2 ny.;
T T T T T x =
1T Tty Tt L< =1 (2.22)
1+ X2 To + X3 Ty + X1 Z-T

Hudng bién doi 3. Ta co6

(x—y)< 1 1 ): (z —y)®

z y+z T4z 2(y+2)(z+ )
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Tit d6 v6i x,y, z > 0 ta c6 bat ding thiic

(z—y)’ (y—2)* (= — )’
2y+z)(e+z) vty (z+a) yeE+y) @ty
z—y [ 1 1 -z [ 1 1 1 z2z—2] 1 1 ]
oY — +4 — + —
z |\ytz x4+ z] T |r+z x+y| y |ty y+ 2]
1 [z—2 — 2] 1 [z-— 2 —x] 1 [y—2z z—vy]
oy N y N y—z v-y
r+y| vy r | Ytz z y | 2+x| @ z |
z x 22 + 92 2422 22 + z?
s+ L L,
xy yz zz  ay(lr+y) yzy+z) zx(z+x)
2 .2 2 .2 2 2
<:>z.x Y +£L‘.y R +y.z T <24yt 422
r+y y+z z+x
Vay ta c6 bai toan sau
Bai toan mdéi 2.23.
Véi x,y,z > 0, ching minh rdng
2 .2 2, .2 2 2
22 +y 2.2 e —i—y.z e < a4y + 22 (2.23)
r+y Y+ 2 Z+x
Hay bai toan
Bai toan méi 2.24.
Véi x,y,z > 0, ching minh ring
2,2 2 .2 2 2 2.2 .2
Tt +y Y-tz 2+ S:15 +y +z. (2.24)
@+yaey (y+z2)yz (2+z)e Tyz
Mé rong bai toan trén cho n bién ta duge bai toan
Bai toan 2.25.
Véi x4, %9, ..., 2, > 0, chitng minh rdng
S
€T
2?2 + a3 x5+ 2 12 + 22 <izzl ‘ (2.25)
(x1 + @) 1wy (T2 + 23) T3 (Tp + x1) T2 ﬁx
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Hudng bién doi 4. Ta co

11 }: 2(z —y)?
y+z T+z (y+2)(x+ 2)

Z(ﬂf—y)[

Vay véi z,y,z > 0 ta c6 bat dang thitc sau

2 2 2

z(z —y) z(y — z) y(z — )
(y+2)(r+2) (+y)(r+z) (@+y (y+2) —

o )[ 1 1 }jL ( ){ 1 1 }jL ( ){ 1 1 }>0
Z\r — — T —Z — z — X —
Y y+z x4z Y r+z xTH+vy Y r+y y+z|
s e—w)—cly -t @y -y D) —— [y —2)— 2 (e —y)] 20
zZ— ) — X —Z z\r — — z— X X — Z)— Z\T —
Jz—f—yy ) Y+ 2 ) ) T+ 2 ) Yy)| =
& ety -2t eyt — 2+ —— [y (x+2) — 202 > 0
z X — 2T T Z) — zZ _— X Z) — 22
Tty ) ) vtz ) Yy Z—l—xy =
o Ty n Yz n 2T §x+y+z
r+y y+z z+x 2

T do6 ta co bai toan
Bai toan 2.26.
Cho z,y,z > 0. Ching minh rdng

x A 20 x+y+z
i + i + < i .
r+y y+z z+x 2

(2.26)
M¢ rong bai toan trén cho n bién ta duge bai toan
Bai toan 2.27. Cho 1,1, ...,x, > 0, Chiéng minh rdng

T1X9 Tok Tpd1 1>
+ 3 - <
1+ Ty X2+ T3 Tn+T1  Nim

Huéng bién doi 5. Ta c6

(x_y)( 1 1 )Z(Jery)(:r—y)z

I+ 1427 W+a)(1+7)

Vay v6i z,y, 2 > 0 ta c6 dang thic
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($+y)(:p—y)2+(y+2)(y—2)2 (Z+$)(Z—33)2>0
(I+22)(1+y?)  (I+y?)(1+22)  (1+22)(1+a?) ™

o ( ) 1 1 o ) 1 1 ny ) 1 1 >0
ey 1+y2 1422 YT T 2 T S = I+y2| —

@—1 [( ) —2x] +
+z) —2x
1+ 22 y 1492

G+ )~ 20+ 1=

y+z T+ z x+y< 2x L 2y . 2z
1422 149y? 14227 1+22 14+9y2 1422

Bai toan 2.28.
Chitng minh rdng vdi moi sbé thuc duong a,b,c ta co

2 b b2 2 b
@ e, Y C+“22§. (2.28)
(b+c) (a+c) (a+0b) 2

Loi giai.
Bién doi bat déng thic trén ta co

a?+bc bV +ac A+ab _ 3
2+ 2 22_
(b+c) (a+c) (a+0) 2

a’>+bc 1 b>+ac 1 A+ab 1
<:>((b+c)2_§)+((a+0)2_§)+((a+b)2_§)20
2a2—b2—62+262—a2—c2+202—b2—a2 0

2(b + ¢)’ 2(a + )’ 2a+0b)°

1 2 12 0 — 2 1 2 _ 2 2 _ 2

S 0 = ) (@ = ) g 07— )+ (2 )+

S P @ ) 20

NN ) o 11

& (@@=t 2(b + ¢)? 2(a+c)2}+(b >[2(a+0)2 2(a+b)2}+
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(a+c)(a+2b+c)
2(a+b)*(b+ ¢)?

(b+c¢)(2a+b+c)
2(a+b)*(a+ ¢)?

(a+0b)(a+0b+2c)
2(b+ ¢)*(a + ¢)?

0(xx)

(a —b)*+ (b—c)’+

(**) luon ding v6i moi s6 a, b, ¢ duong

Vay bét dang thitc duge chiing minh.

d) Xay dyng bat dang thiic tir ding thiic cia ham sb6
a.x+ b

y:c.erd

Bai toan 2.29
Vé&i a,b,c € R déi mot khdac nhau, chiing minh rang

ab be ca 1
+ + > ——, 2.29
@0 o eap s 1 O
Loi giai.
Ky hiéu
a+b 4 2a ] 2b
T = suy ra & = r—1=
a—2>b’ Y a—>b a—b
b+c 1 2b ] 2¢
= suy ra =—— y—1=
Y b_ o yray b—c’y b o
c+a 2c 2a
z = ,suyra z+ 1= ,Zz2—1=
c—a c—a c—a

T trén ta c6 ducce
@+ y+)E+)=>-1)F-1)(E-1)

Hay 2 (zy + yz + zz) = —2
Mat khéac ta co

i+ 2= (e +y+2)° -2y +yz+ 2x)

= (z+y+2)°+2 > 2
. r+y+z2=0
Dau “=" xay ra <
zy +yz+zx =—1
Vay ta co
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2 2 2
(a—l—b) +(b+c) +(c+a> -
a—> b—c c—a
2 2 2
@(a—i—b) _1+(b+c> _1+<c—|—a) s
a—>b b—c c—a

4ab n 4be n 4ca > 1
(a=b)?* (b—c)? (c—a)® "~
N a . be n ca S _1
(a=b)?* (b—c)? (c—a)®~ 4

Suy ra diéu phai chiing minh.

Bai toan 2.30

Vi a,b,c € R doi mot khdac nhau, tim gid tri nhé nhdt cia biéu

thuae
20 — b\ > 2% —c\? 2c—a\?
P = . 2.30
G=) (=) (=) e
Loi giai.
Ta co
a 2 b 2 c 2
P=11+ + 1+ + {1+
a—>b b—rc c—a
Dat
a b
r = suyrar — 1 =
a— a—>b
b ] c
= suyray— 1=
y b—rc yry b—rc
c
z = suyra z— 1 =
c—a c—a

Tu do ta co

vyz=(@—-1)(y—1)(z—-1) S r+y+z=(vy+yz+zzr)+1

Vay
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P=(z+1)°+(y+1"+(z+1)"
=+ +2+2@+y+2)+3
= (z+y+2)°—2@ytyz+zz)+2(@+y+z2)+3

=(z+y+2)°+5

Suy ra P > 5 Dau “=" x4y ra khi va chi khi 2 +y + 2 = 0.

b
Vay MinP = 5 khi va chi khi 4y + 2 = 0 hay khi —— + =+ € —0. Nhan zét.
a — — C CcC—a

Tuong tu bai todn trén ta c6 thé c6 nhitng bai toan tuong tir Néu

a IR a+b—c ] a—b+c

r = — X = r—1=—
b—rc b—rc b—rc

b —a+b+c a+b—rc

y=—"= y+tl=—"7"7-— y—-1=

c—a c—a c—a

I a—b+c ] —a+b+c

z = z = z—-1=—
a—2b a—>b "’ a—0b

Suyra(z+1)(y+1)(z+1)=(x—=1)(y—1)(2—1)
Bai toan 2.31a.

Véi a,b,c € R doi mot khdc nhau, chitng minh rdng

a? b? c?
+ + > 2 2.31a
(b—¢® (c—a)’ (a—b) ( )
T (2.29) ta ¢
2ab n 2bc 2ca _1
(@0 (b—cf (c—af 2
2ab 2bc 2ca 5
Sl+—5+1+ s+ 1+ 5> =
(a—10) (b—c) c—a)” 2

(
(a=b)° (b=¢) (c—a) 2

Tu do ta duge bai toan mdéi

Bai toan 2.31b.

Véi a,b,c € R doi mot khdc nhau, chitng minh rdng

a’® + b? b2 + 2 2 +a? 5

(a — b)? * (b— o) * (c—a) > (231b)
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e) Xay dung bat dang thitc lam manh nhd sit dung bat ding

thitc Cauchy — Schwarz.

Nho st dung bat ding thitc AM — GM ta dé& dang ching minh duge bat dang thic

sau

2 2 2
a_+—+c—2a—|—b+0, Va,b,0,>0
b c a

Ta c6 thé xay dung bat dang thic dang manh hon bat ding thic trén dang
a? b P

?—l——%——Za—l—b—i—c—i—a, Va,b,c,>0; a>0
c a

Vay o la dai luong duge xac dinh nhu thé nao?

Hudng bién déi 1.Ta co

(a—b)? a
== 2

2 2 a-+b
b—c)? 1’
(b=0) =——-2b+c

c

22
(c—a) =——2c+a

a a

Tu do ta co

2 P 2
? z‘f—g—(a-i—b-f—c)
B (a—b)2 (b—c)2 (c—a)2
N b c a
B (a—b)2 (c—b) (a—c)2
N b c a

Mit khac ap dung bat déang thiic Cauchy — Schwarz, ta duge

(a—b)2+ (c—b)2+(a—c)2 > 4(a —b)?
b c a a+b+c

Tt dé ta c6 duge bat dang thic manh hon bat déng thitc ban dau c6 dang

a? v 4(a —b)?
b=t —>atbtetr—— 2
b c a a+b+c

Va,b,c,> 0;
Bing cach xay dung nhu trén ta c6 thé nhan duge

4(b —¢)®
a+b+c
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hoac

4(c —a)?
a+b+c
Tu do ta c¢6 dudge bai toan sau

Bai toan mdéi 2.32

Véi a,b,c > 0, chitng minh rang

2 2 2 Ala —b)?
34u—+9—2a+b+c+—@——1- (2.32)
b c  a a+b+c
Bai toan méi 2.33
Véi a,b,c > 0, chitng minh ring
2 2 2 A — )2
iwu—+f—2a+b+c+—L—£L- (2.33)
b c a a+b+c
Bai toan méi 2.34
Véi a,b,c > 0, ching minh rang
2 2 2 Ale — a)?
gnw—+52a+b+uwﬁ;ﬁl. (2.34)
b c  a a+b+c

Hudng bién déi 2. Ta c6

(a—m2_1 2 b
a2 0 a  a
(b—c)2_1_2c c?
b2 b
(c—a)2_1_2_a+a_2
2 c 2

T do ta co

a? b2 2 b c
B i N
a b2 c?

(0= (=) (@=¢

a? b2 c?

¥ 2 a? 26 2¢  2a
S nt s (ST

Ap dung bat ding thic Cauchy — Schwarz, ta c6

(a —b)? N (¢ —b)? n (a—c)? > 4(a — b)®
a? b? ? a? + b + ¢?
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Tt d6 ta duge bat dang thitc manh hon dang

o2 d? S (21) 2c N 2_a) 4(a —b)?

b c a? + b2 + 2

Vay ta c6 dugce cac bai toan sau
Bai toan mdéi 2.35
Véi a,b,c > 0, ching minh rang

v a? 20 2c¢  2a 4(a —b)?
T S (T I G D
- +c+ _(a+b+c)+a2+b2+02 (2:35)

Bai toan méi 2.36
Vé&i a,b,c > 0, ching minh ring

v a? 20 2c¢  2a 4(b—¢)?
— —+32> -+ — —_—. 2.36
+b2+ * (a b+c)+a2+b2+c2 (2:36)

Bai toan méi 2.37
Véi a,b,c > 0, ching minh rang

v o2 ad? Qb 2¢  2a 4(c—a)?
— —+3> — _ 2.37
+b2+ + ( b+c) a? + b2 + 2 (237)
Hudng bién déi 3. Ta c6
a—0)?° a4+
(- _ @+t
ab  ab
(b—c)? v+ I
be  be
(c—a)? A +a 5
ca  ca
T do ta co
a4+ b+ A +a? (a—b? (b—¢)® (c—a)
ab + be * ca —0= ab + be + ca
IR ) N (s
ab be ca

Ap dung bat ding thic Cauchy — Schwarz, ta c6

(a—b)? n (c —b)° n (a—c)? > 4(a — b)*
ab be ca ab + be + ca
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Tt d6 ta c6 duge bat ding thiic dang manh 1a

a?+b P+ P+ ad 4(a —b)?
+ + >

64—
ab be ca ab 4+ bc + ca

Tu do ta c6 dude cac bai toan sau
Bai toan mdéi 2.38

Véi a,b,c > 0, ching minh ring

212 22 2 2 2
a®*+b +b +c I tat 4(a —b)

ab be ca ab+ bc+ ca’

Bai toan mdéi 2.39

Véi a,b,c > 0, chitng minh rdng

a2+ b+cE A+a? 4(b —¢)?
- + >64
ab bc ca ab + bc + ca
Bai toan méi 2.40
Véi a,b,c > 0, chitng minh rdng
2 2 2 2 2 2 N2
a+b+b+c+c+a > 64 4(c — a) .
ab bc ca ab + bc + ca
Hudng bién doi 4. Ta c6
— 2b)? Ab?
(a ) =a—4b+ —
a a
(b—2¢)° 4c*
=b—4c+ —
b ‘T3
-2 2 4 2
(c=2a) =c—4a+ -
c c
T do ta co
4a®  4b>  4c?
—+—+—-3(a+b+¢)
c a b
_ (a — 2b)° N (b—2¢)° N (¢ — 2a)”
a b c
(a—2b)° (2c—b)?* (2a—c¢)°
= +
a b c

Mat khéac st dung bat dang thitc Cauchy — Schwarz, ta co

(a — 2b) N (2¢ — b)® n (2a —¢)* _ (3a—3b+c)’

>

a b c a+b+c
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Tt d6 ta duge bat dang thiic dang manh

4a?  4AD?  4c? 3a — 3b+¢)?
A7 AV AT S (et o)+ Be30 TS
c a b a+b+c

Vay ta c6 duge bai toan sau
Bai toan mdéi 2.41
Véi a,b,c > 0, ching minh ring

4a? 4V AP —3b+¢)?
i+_+i2(a+b+c)+w
c a b a+b+c . (2.41)

Bai toan mdéi 2.42

Véi a,b,c > 0, ching minh ring

4a? 40?2 Ac? a+ 3b—3c)?
—+—+—2(a+b+c)+¥
c a b a+b+c (2.42)
Bai toan mdi 2.43
Véi a,b,c > 0, ching minh ring
4a® 40?2 AP 3a+b— 3¢)?
—+—+—2(a+b+c)+¥
c a b a+b+c (2.43)

Hudng bién déi 5. Ta c6 thé lam manh bat ddng thiic bac cao hon nhu sau

Ap dung bat ding thic Cauchy — Schwarz, ta c6

Xt vyt 7t (X24Y?4 22)
St
b c a+b+c

Mat khac ta lai ¢6

1

X24Y24 22> g(X+Y+Z)2
Tt dé ta c6 dude bat dang thic

Xt vt ozt (X+Y +2)*

1
i S
a+b+c_9 a+b+c
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Tu do ta c6 dude cac bai toan sau
Bai toan mdéi 2.44
Véi a,b,c > 0, chitng minh rdng
a—b)* b—c) c—a)* _ 16 (a—0b)*
(0=, b-0' (c—a'_ 16 (a1

> — -7 2.44
a b c ~— 9 a+b+ec ( )

Bai toan mdéi 2.45

Véi a,b,c > 0, ching minh ring

@—bf+(b—®4+(0—®4>}§(b—@4

. ) 2.45
a b c ~ 9 a+b+ec ( )
Bai toan mdéi 2.46
Vé&i a,b,c > 0, chitng minh rdng
(a—b" (b-—0¢" (c—a)' _ 16 (c—a)
> — 2.46
a + b + c “ 9 a+b+c ( )
Bai toan méi 2.47
Véi a,b,c > 0, chitng minh rdng
(a—b)" (b—0e' (c—a)* _ 16 (a—10)*
s + 72 + =z > S RI R (2.47)
Bai toan méi 2.48
Véi a,b,c > 0, ching minh ring
(a—b* (b—c' (c—a)* _ 16 (a—10)*
> = 2.48
ab + bc * ca 9 ab+bc+ca ( )

0.3.3 Kha nang ap dung cua giai phap

Sang kién kinh nghiém c6 tinh kha thi cao va da duge ap dung dé day cho doi
tuyén HSG l6p 10, 16p 11 ciia trusng THPT Chuyén Lé Quy Don va doi tuyén hoc sinh
gidi quoc gia mon Toan. Dé tai cling c6 thé ap dung cho hoc sinh céc doi tuyén ciia
cac truong THPT trong toan tinh va la tai lieu dé bo ich dé trao doi chuyén mon véi céc

ban dong nghiép.
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0.3.4 Hiéu qua, Igi ich thu dugc

Qua thuec té giang day cho cac doi tuyéen to6i nhan thiy cac em da biét van dung linh
hoat mot s6 phuong phap, ki thuat lam manh bat déng thitc vao ting bai todn cu thé va
t6 ra rat hing tha véi nhing ki thuat nay. Khong nhitng thé cac em con biét van dung
1ong ghép cac ki thuat dé tao ra nhiéu bai tap khac nhau, ap dung cho nhiéu kiéu bai

khac nhau, tit d6 tao ra nguon bai tap phong pht cho qua trinh 6n tap.

0.3.5 Pham vi anh hudng cua giai phap

Dé tai dugc trién khai gop phan tich ciyc trong viéc nang cao chat luong hoc tap clia

hoc sinh cac doi tuyen.

0.3.6 Kién nghi dé xuit

Tt két qua ctia sang kién nay, ta thiy rang tit cac suy luan don gidn, logic ta
c6 thé xay dung duge mot 16p cac bat dang thic hay va la. Tac gia hy vong véi ¥ tudng
trén sé gitp cho doc gia xay dung duge nhicéu bat dang thiic khac lam phong pht thém
cac bai toan bat dang thic von da rat da dang.

Tac gia mong rang sang kién sé duge nhan rong trong cac truong THPT trong tinh

dé goép phan nang cao chat luong giang day bo mon Toan.

Dién Bién, ngay 10 thang 4 nam 2015.
NGUOI VIET SANG KIEN
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