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KHAI THAC BAT PANG THUC CAUCHY
BOI DUONG HQC SINH GIOI LOP 10

Tac gia: Han Van Son
Giao vién THPT chuyén Lé Quy Pon

A. Su can thiet, muc dich ctia viéc thuc hién sang kién:

- Su can thiét cua viéc thue hién sang kién:

+ “Bdt dang thirc Cauchy”’ 14 phan kién thirc dugc dé cap trong chuong IV: Bat
dang thire.Bat phuong trinh - Phan Pai s6 16p 10 mdn Toan. Cac dang bai toan vé bat
dang thic Cauchy 1a mot trong nhimg chuan kién thtrc, ki ning can dat dugc trong
chuong trinh Todn 16p 10, thuong xuyén dugc dé cip dén trong céc bai kiém tra dinh
Ki, thi THPT qudc gia va thi chon hoc sinh gidi cac cap.

+ Tam 1i da s6 hoc sinh cho rang hoc bt dang thirc 14 kho nén rat ngai hoc, khi
gip nhiing bai toan co yéu cau khac biét so voi chuong trinh sach gido khoa thi hoc
sinh thuong ling ting, khong c6 kha ning tuong twgng, khong dinh huéng duge din
dén khong c6 phuong phap tu duy dé giai bai toan. Hon nita trong chuong trinh sach
gido khoa co ban viét theo yéu cau giam tai dan dén thiéu mot s6 cong cu giai toan, sd
luong bai tap vé bat dang thirc Cauchy khong nhidu va chi c6 dang co ban nén hoc
sinh khong nhan dién duoc tat ca cac dang toan va chua dugc hudng dan mot cach hé
théng cac phuong phap dé giai quyét cac bai toan do. ...Boi vy viée giai mot sb bai
toan gap nhiéu khé khan.

- Muc dich thyc hién sang kién:

+ V&1 viéc nghién ctru dé tai nay, ban than t61 da dugc nang cao hon vé trinh d6
chuyén moén, nghi¢p vu.

+ Véi mong mudn giup cac em hoc sinh rén luyén ki ning va tu duy giai quyét
cac bai toan lién quan dén bat dang thirc n6i chung va bat dang thirc Cauchy noi riéng,
dic biét cac dang toan thudng xut hién trong d& thi chon hoc sinh giéi cip tinh va qudc
gia.

B. Pham vi trién khai thic hién:

- Kién thire: Bat dang thirc Cauchy trong chuong trinh toan 10.

- Hoc sinh: Khéi 10 truong THPT Chuyén Lé Quy Pon, dic biét di véi hoc
sinh 16p chuyén toan 10.



1.Tinh trang giai phap da biét
-Bit dang thire Cauchy kha 1a quen thudc véi thay cb va cac em hoc sinh. Noi
dung bat dang thitc Cauchy duoc phat biéu bang 10i rat don gian:” trung binh cong
ludn 16n hon hoic bang trung binh nhan”.

- D3 hé thong céc kién thirc co ban vé bat dang Cauchy thirc nhung chwa day
du, chua bd sung duoc phan don vi kién thirc nang cao.

- Chi dua ra mot s6 dang toan chimg minh bat ding thic co ban. V&i mot sd
dang bai toan phuong phap giai chua “ty nhién” lam cho cac em hoc sinh cam thay
lung ting khi hoc toan, chua phan tich duoc cho hoc sinh nhan thay phuong phap tdi
vu nhét dé giai quyét bai toan.

- Hé thdng cac bai tap rén luyén ki ndng cho hoc sinh chua nhiéu.

2.No¢i dung giai phap

2.1. KIEN THU'C CO BAN

2.1.1.Mt s6 bat ding thirc thong dung

* Bat dang thic Cauchy cho hai sd

. ., a+b
Cho 2 s0 thuc khong 4m a,b khi d6: 5 > 4/ab

Dau = xay ra khi va chi khi a=b
* Bat dang thire Cauchy ba so:

. ., a+b+c
Cho 3 s0 thuc khong am a,b,c khi do: 3 >3.3/abc

o 7 Dau = xay ra khi a=b=c
* Bat dang thue Cauchy tong quat:
Cho n s6 thyc khong am a,,a,,a,,...,a_ khi do:

ATHFET T s aaa,.a

n
Dau = xay ra khi a=a=--=a
*C4c bat dang thirc co ban lién quan hay dung:
1). a® + b® > 2ab ; Dau = xay ra khi a=b

n

a+b .
2). a’ +b” > % ; Dau = xay ra khi a=b

a’+b’

3). ab< ; Dau = xay ra khi a=b

—(a”+b?)

4). ab> : Du = xay ra khi a=-b

5). Néu a,b>0thia+b>2+/ab; Didu=xayrakhi a=b



. a b :
6). Néu a,b>0 thi E+—22; Dau =xayrakhi a=b
a
. b? .
7). Néu a,b>0 thi a+—>2b; Dau=xayrakhi a=Db
a
2

. a .
8). Néu a,b>0 thi b+ 5 >2a; Dau = xay ra khi
9). Néu a,b > 0.thi: (a + b)(%1 +%) > 4.Déu ‘=" xdy rakhi a=b

10).Néu a,b>0 thi l+12i; Dau = xay ra khi a=b
a b a+b

11). Néu a,b>0 thi RS > 4 —; Dau = xdy ra khi a=b>0a=b
ab  (a+h)

12). a® + b*+ ¢ > ab +ac + be .Ddu ‘=" xayrakhi a=b=c
13). a° + b? + ¢? z%(a+b+c)2 > ab +ac + bc .
Dau ‘=" xayrakhi a=b=c.
14). Néu a,b,c > 0. thi: (a + b+c)(§+%+%) > 9.
Déiu ‘=" xayrakhi a=b=c
1 1 9

15). Néuabe >0 thi: 1+ 141
a b c a+tb+c

2.2. KHAI THAC BAT PANG THUC CAUCHY

.Déu ‘=" xayrakhi a=b=c.

2.2.1. Dang sit dung bit ding thirc Cauchy cho 2 sb :

atb .
Vab>0: > +Jab ; dang thirc xay ra khiva chikhi: a=b
, sz .01 1 1
Vldul:Choa,b,clacaCsodu’O'ngthoa:—+B+—=4.
a C

1 N 1 N 1
2a+b+c a+2b+c a+b+20_’
(TSDH - Khéi A - Ném 2005)

Chumng minh rang :

sTa co vii

A\

< S <
X+y 4xy X+y 4

Diu (=) xdyra < X=Y
= Ap dung két qua trén, ta co :

1 1( 1 1 111  1(1 1 11 1 1
- - < O =+ < D=+ D2+ ||+ =+ =
2a+b+c 4(2a b+cj 4{2a 4(b cﬂ S(a 2b ch
(1)

Tuong tu : ;Sli+l+i (2)
at+t2b+c 8 b 2

Xy

0<XY:(X+Vy) >4xye 1 X*y 1 <1[1+1j




S S VS S N § A
a+h+2c 8\2a 2b ¢

1 1 1 1(1 1 1)
- + + < |2+ Z+2)=1
2a+b+c a+2b+c a+b+2c 4 la b cC
a=b=c 3
Diu(=)xayra < <1 1 1 < a=b=c=-
Z+ 2 +==1 4
a b ¢
g , : 3
Nhdgn xét: Dau ”=”saymkhza=b=c=z
Bai todn khéng con tinh doi xieng thi gidi quyét nhw thé nao?
Vidu?2:Chox,y,zlacac ) duong thda : i + ﬂ + g = 1. Tim GTNN cua
X Yy z
biéu thuc :
P=x+y+z.
'TaCf)ZP:X+y+z:(x+y+z)_(£+£+gj
X Yy z
=14 + 4_X+X (9X+£)+9_y+£
y X z X Z y
> 14+2, | Y 4o 9—)(.5+2\/9—y.£ = 14+4+6+12=36
y X z X zy
£+£+9:1 X=6
. X 'y z
* Dau (=) xay ra < & qy=12
4k 'y X _z 9y 4z
T T T T T z=18
y X z X z

" Vay : Pnin=36 khi x=6,y=12,2=18.
Nhén xét: Dau “=" sdy ra khi X=6;y=12;2=18
Bai toan khong con tinh doi xvmg da duwoc gidi quyet
Bai todn gidi quyét dwoclién quan chdt ché t6i dau “=" ciia ddng thirc
Bai tdp twong tw :
1. Cho a, b, ¢ 1a d6 dai 3 canh ctia mét tam giac. Chirmg minh rang :

4a N 9b N 16¢ S 26

b+c-a c+a-b a+b-c
2.Chox,y,z>0vathda: xyz=1. Tim GTNN cua biéu thuc :

p= yz N ZX Xy
2 2 2 2 2 2
XY+X2Z yz+yx z°xX+z%y
*Hudng dan:
l=bat: x=b+c—-a;y=c+a—-b;z=a+b—-c(x,y,z>0)
+ + +
—a=? Z,b:Z X,c=x y
2 2
Khi dé :



yT o4y +2) | 9@+X) | 16(x +y) =(ﬂ+9_xJ+(£+@)+(%+1iyj
X Yy Z X Yy X Z Yy Z

Ap dyng bdt Cauchy , . .. = (dpcm)
2= Dat: a=yz;b=2zx;c=xy(x,y,z>0;abc =1)
a’ b’ c?
= P= + +
b+c c+a a+b

2 2
= Ap dung bdt Cauchy , ta c6 : a bt > 24; a b+c:a,
b+c 4 b+c 4

b> c+a c? a+b
tuong tu : + >b + >
c+a 4 at+b 4
A A A A 3 A A - 3
» Cong 3 bdt trén veé theo vé, suyra: P > ... > E . Két luan : MinP = E < X
:y:z:l

2.2.3. Dang sit dung bat ding thirc Cauchy cho 3 sb :

at+b+c .
Yab,c>0: T > 3J/abc ; dang thirc xdy ra khivachikhi:a=b=c

Vidu3: Choa,b,clacicsd duong thoa : abc = 1.

3 3 3 3 3 3
Jl+a+b +\/1+b +cC +\/1+c ta’ .

ab bc ca
(TSDH - Khoi D - Nam 2005)

Chting minh rang :

=sTaco

3 3
1+a°+0° > 380’ = 3ab = J1+a° +b° > 34D = “1+2b+b > %
a

Ji+b*+c® _ B Ji+ct+a® _ 3
Tuong ty : > , >
be Joc ca Jca

= Cong 3 bt dang thuc trén vé theo vé , ta c6
e 3, A3 3, .3

Vi+a’+b®  J1+bP+c’ Ji+c’+a 2«/§( 1,1, 1}
ab bc ca Jab  <bc ca

=3viabc=1

-Laicé-1+1+1>3 1 :3
T Jab Yo Jea T \\fabo  abc

= Ttr (1) va (2) suy ra : (dpcm) . Déu (=) xdyra < a=b=c=1

Vidu 4 : Cho x, y, z 1a cic s6 duong thay d6i. Tim GTNN cua biéu thirc :

_(x 1 (y 1) z 1
P=xX|—+—|+yl=+ —|+Z| -+ —
2 yz 2 ZX 2 Xy



2 2 2 2
eTaco: P=X 4 L L Z X TV ¥2
2 2 2 Xyz
2 2 2 2 2 2
XLy Lz o xyryzrax X L) fy (2t
2 2 2 Xyz 2 X 2y 2 Z
2 2 2
-Ngoéira: X_+1:X_+i+i >33X__i_i_§
2 X 2 2X 2 2 2X 2x 2
2 2
Tuongtu-y—+£>§;z_+1 3
2 y 2 2 y4 2

Suyra: PZ% . Dau (=) xayra<e x=y=z=1
" Viy : Pmin:% khi x=y=z=1

Nhdn xét: Dau “=" sdy ra khi cdc s6 hang bang nhau
Bai toan co tinh doi xirng viéc chon dau bang sdy ra rat don gidan.

*Bai tdp twong tw : .
1. Choa,b,c>0vathoéaa+b+c=1.Ching minh rang :

%*iin*i = 30
a“+bh” +c ab bc ca ,
2.Chox,y,z>0vathda:x+y+z >6. Tim GTNN cua biéu thtc :

o NE . y3 . P
y+zZ zZ+X X+Yy
Huwoéng din :
, 1 1 1 1 1 3
L Taco: (VT)= a’+b?+c? * ab * bc * ca = a’+b*+c° * 3/ab.bc.ca
> 1 + 9 =
 a®+b’+c® ab+bc+ca
:[ 1 N 1 N 1 ]_'_ 7
a’+b>+c®> ab+bc+ca ab+bc+ca) ab+bc+ca
S 9 N 21
(@ +b>+c*)+(ab+bc+ca)+ (ab+bc+ca) 3(ab+ bc+ ca)
S 9 21 30

> + - >
(@a+b+c)® (a+b+c)® (a+b+c)

3
. X +Z

2. = Ap dung bdt Cauchy , tacé : + +2 > 3X,
y+z 2




3 3
y +z+x+223y’ ', x+y
Z+X 2 X+y 2
= Cong 3 bdt trén vé theo vé, suyra: P > 2(X+y+2)-6 > 26-6=6
Kétludn: MinP= 6 & X=y=2=2

2.2.4.Dang 3 st dung phép nhom abel

+2 > 3z

Khi chimg minh nhiing bat dang thirc ctia mot hay nhiéu diy sb co thir tr nguoi
ta thuong st dung phép nhém abel dé st dung dé dang cac diéu kién thu tu 6. Phép
nhém Abel duoc cho bdi dang thirc ma ching ta s& chimg minh dudi day.

n-1 _
Cho hai day sé thyc a, @, ...,a, va b,b,,...,b,. Kihiu 5, =>"s, k=1,n taco

i=1

dang thirc
n n-1
Zaibi = Zsi (bi - bi+1) +5,0,
i-1 i—1
Chtrng minh

Ki hi¢u s, =0ta co
ian:aibi - iz::(si - Si—l)bi
= ansibi - ansilbi
i=1 i=1
= isibi - nz_llsibm
i=1 i=1

n—

1
= s(b —b,,)+s,b,

i=1
Dé c6 dugc phuong phap giai bat dang thie sir dung nhom Abel trong trudng hop cu
thé chiing ta xay dung bai toan téng quat. Str dung phuong phap giai cta bai toan tong

quat ta giai dugc cac bai toan kho trong nhirng truong hop riéng.

Vidul: Véi a>f>2y>0, a>a, ab>af, abc>afy . Chimg minh rang
at+b+c>a+p+y
Giai
Tacé

a+b+c:7(3+%+§j+(ﬂ_7)(i+%]+(a_ﬁ)

(04 (04

237/3/22(; +2(ﬁ—y)\/%+(a—ﬁ)g

Ap dung cac diéu kién da cho cua bai toan ta thu duoc

R |w




a+b+c>3y+2(f-y)+(a—pB)=y+a+ B (dpem)

Ap dung két qua trén ta giai d& dang cac bai tap sau:
Vidu2: Véi o >3, ab>6, abc>6. Chimg minh ring

a+b+c>6.
Giai

(a b j (a bj a
a+b+c=|=+=+cC|+|=+=|+—
3 2 3 2) 3

Y P S P
Vs "6 T3

Vidu3: Véi 0<a<b<c<3, bc<6, abc<6,ching minh ring

Taco

a+b+c<6
Giai
Taco
6:1+2+3=a(l+Z+§j+(b—a)(g+§j+(c—b)§
a b c b ¢ c
Suyra

6>3a3-2 +2(b-a),|-> +(c-b).>
abc bc Cc

<6>3a+2(b-a)+(c—b)=a+b+c(dpcm)

Nhin xét
Tvr nhitng vi du cu thé ta xdy dung phirong phép gidi cho nhitng bat dang thirc dang
nay.
Buéc 1. Xéc dinh khi ndo ddu bdt dang thirc xdy ra bang cach chuyén cdc diéu kién da
cho thanh dang thirc
Buéc 2. Viét lai dang thire can chitng minh dwéi dang déi ximg 2 vé
Buéc 3. Ap dung phép nhém Abel cho mét vé cua bat dang thire theo diéu kién thir tir
Chiing ta trinh bay bai gidi mdu sau:
Vi du 4: véi a,b,c 1a cac s6 thuc théa man diéu kién
a>b>1, a<3, ab<6cchung minh rang

a+b—-c<4

Giai

Bit dang thic can chimg minh dugc viét dudi dang

a+b+1<3+2+c

Taco



3+2+c:(§+z+Ej+(b—1)(§+zj+(a—b)§
a b 1 b 2

a

Suyra
3+2+023i/6—7c+2(b—1)\/5+(a—b)§
ab ab a
Suy ra 3+2+c>3+2(b-1)+(a-b)

& 3+2+cza+b+l N
Doi voi mot s6 dang hé qua cua bat dang thirc Cosi ching ta cling dé dang xay
dung duoc nhitng bat ding thire twong tu trong truong hop tong quat va dic biét
b ¢ a b c
Vidu5. Véi a>f>y>0; a,b,c>0;c<y; E+—£2; —+—+—<3

‘ y a By
Chtrng minh rang

1 1 1 1 1

—+—+—2>—F+—+—

a b a [y
Giai

Taco

(LLLLE):1(2+£+Zj+(£_£j(ﬁ+zj+(1_1jz
a b c) ala b c g a)\b c y pJ)c

Str dung cac di€u kién cua bai toan ta thu duoc

g+£+Z 1+i+1 %23
a b c F oy 7 Ltpty

Tuong tu
£+ >2
b

1,1, 1.1 1 1)1 1
a b c a p «a y B

Z£+l+—(dpcm)

o =R

Suyra

Vidu6. v6i a,b,c>0, g+CS2, %+g+cﬁ3, ¢ <1 Chung minh rang

11

1, 11
a 6

1 1
Z4+Z>
b Cc

Giai
Taco

10



@ | W

un_ 111 +(£_£J 1,1 +(l_l
6 a3 2 1 b a)J2 1 b ¢
a b c b c
Suyra
11 1 9 1 1 4 1 1
s > 1p a2 1 b
6 o, 4,2 \b aje 1 \c b
a b b ¢
>3.1,0 (E_EJ 11111
a b a/ ¢ b C
Vidu 8: Voi
a>b>1>c>0, —+c<2, —+E+C£3 ching minh rang
a
111 .1
a b c 6
o Giai
Bat dang thic da cho tuong duong voi
1 1 1 1 1
—+—+1<—+—+-
a b 2 C

Taco



S 9 {i_ij. 4 +(1_1j1
a3, .2 1 ba)2 b) c
a b ¢ b
>3 1+2(l—1j+(l—1j:£+1 1
a b a b) a b

(dpcm)

¢ ¢
o v v v
Chtrng minh rang
Va+b+e<ia+p+y
Giai
Taco

J5+ﬁ+ﬁ=ﬁ(\/g+ﬁ+\E}(Jﬁ—ﬁ)[\/%\fg}(ﬁ_ﬁ)ﬁ

Suyra

Xay dung bat ding thirc trong cac truong hop cu thé cua «, 3,7 ta thu duge
Vidu 10 vé6i a,b,c >0 théa man céc dicu kién

a+9+933, 9+932, c<9,
4 9 4
Chtng minh rang \/g+\/5+\/636
Giai

JE+JB+J‘=(JE+\/g+\f%]+(2—1)[\/g+\@+(3—2)\g
b c b
A9 (5

12



Vidull:véi O<a<b<c, 1+ﬂ+gﬁ3, ﬂ+gﬁ, gSl chtrng minh rang
a b c b ¢ ¢
Ja++b+c>6.
Giai
Taco
6=\/i+\/Z+\/§:\/E.(\ﬁ+ﬁ+ﬁ)+(¢6—ﬁ)[\/§+ﬁ]+(\/€—%).ﬁ
a b C b C C
Suyra
1.4.9 4.9
6<3Va |2 b o(J5-Va) b c (JE_JB)'\E
S3J5+2(J5—J5)+(x/5—x/5)=\/5+x/5+«/5
(dpcm)
Vidu 12 véi O<a<b<c, a+b+c<3 E g<2 g<1 chting minh rang
4 9 c c
Ja++b-+c<o0.
Giai
Bét dang thtrc da cho twong duong véi
Ja+ib+Jo<1+44+4c
Ta co:

J5+\/B+\/§_1(J5+\/§+\EJ+(\/§+\E]+(\E—2)\E

a+4+* 4 2 9
<3 . +2 > +(JE_2)E
<3+2+Jc-2=3+4/c.

Suy ra: Ja++b-+c<0 dpcm

Vidu13: véi O<a < B<y; a,b,c>0 théa min didu kién

a b, cghb c 50,

¢ €so C
a By Yooy
Chuing minh rang
a’+b’+c*>a’ + 7+~

13



Giai
Taco

R RGN G

2 2
a b c b ¢
—4— 4= -4+ =

a’+b*+c?>3a’ aTﬂy +2(,82—a2)- % +(72_'B2)(§j

>3a’ + 2(,82 —a2)+()/2 —ﬂz)z a’ + B + y*.(dpem)
Véi a, B,y cu thé ta thu duoc
Vi du 14: Véi a,b,c > 0thoa min diéu kién

a+9+323, 9+922, c>3,
2 2
Chimg minh ring a*+b*+c* <14,
Gai
Ta co:
b 2 c 2 b 2 c 2 c 2
a’+b*+c’= a2+(—j +(—j +(22—12)- [—j +(—j +(32—22)(—j
2 3 2 3 3
Suy ra:
b ¢ b ¢
a+—+-— — 4 oV
a+b’+c?>3 —2 3| 42.3.[23 +(32—22)(—j
3 2 3

>3+2-3+32 - 22 =14,

Vidu 15: v6i 0<a<b<c théa man diéu kién

1+g+§23, Z+§22, §21,

a b c b ¢ C
Ching minh ring a° +b’ +¢* <14.
Giai

Ta co:
1 4 9 4 9 9
14=1"+2°+3° =a2(¥+F+Fj+(b2—az)(—+C—J+(cz—bz)—
Suyra

14



2 3 2 3
S — 4= 9
l4>3a2 b ¢ +2(b2—a2) b c +(02 bz)._2
3 2 C
1423a2+2(b?—aﬂ+(c2—bZ}:a2+b2+c2
‘ (dpcm)
Vidu 16: v6i a,b,c >0 thoa min diéu kién
C22a+9+§23,9+§22,§2L
‘ C 2 C C
Chirng minh rang
c’—a’-b*<4
o Giai
Bat dang thac da cho tuong duong voi
a?+b*+9>1% + 2% +¢?
Ta co:
2 2 2 2 2
a’+b*+3 = a2+(9j-+(§j 4(22—f)-(9) +(§j 4(02—21(§)
2 C 2 C C
Suy ra
b 3Y b 3V
a+—+— —+— 32
a+b?+3 >3 —2 C| 2.3 2—£—-+@2—f)(—j
3 2 C
23+6+(c2—22)c>c2—a2—b2§4-
Nhan xet:

Vidusé 1,913 la cac vi du tiéu biéu va téng quat cho cac bai toan con lai.
Cdc vi du trén khéng con tinh doi xitng.
Thay cdc hang sé a, B,y khdc nhau ta thu dwoc cdac bdt dang thirc da dang
BAI TAP VA HUONG DAN
1.Véi

X €RT(i=1n); 0y, <Y, <. SV XKoo X 2 YiYou Vs XoXaeo Xy 2 VYo Yoh i X 2 Y,

n n
Ching minh rang: Z X = Z Y,

i=1 i=1

N n n X. n X. X
*Hudng dan : in = y1-2'7+(y2_y1)27|+---+(% - yn—l)y_n
i1 i1 Yi iz Yi n

Suyra

15



1 1

ixi > nyl(f[ﬁ)n +(n=1)(y,- .)(_ %)1 ot Vo= Yo

i1 Yi

2.Véi a,b,c >0 thoa méin cac diéu kién

abE

>3; E+322; E21; O<a<p<y

a p oy By v
Ching minh rang Vn e N thi

a"+b"+c">a"+ B+ ",
*Hudéng Dan:

a”+b”+c”23a”.aTﬂ7/ +2(,8”—a“) By +(7,n_ﬁn)(

>3a" +2(,B” —a”)+(7/” —ﬂ"):a" + 8"+ "
3.V6i a,b,c >0 théa min cac diéu kién

a+9+223;9+323; E23
2 3 2 3 3

Chimg minh ring a° +b® +¢® > 36.

*Hudng dan

Ung dung két qua cta bai tap 2 véi a =1, f=2; y=3

4. Véi 0<a<b<clacac s thuc duong thoa man cac diéu kién
1 2 3 2 3 3

+—+—-23, —+-22;, —2>1
a b c b c C

Chimg minh ring a° +b* +¢® <36
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Huéng dan tmg dung két qua ctia bai tap 2 véi
a=1,b=2;c=3,a=1 =2, y=3.

5.V6i 0<a < B<y va a,b,c>0 thoa min cac diéu kién

E+E+E§3; E+£§2; Esl
a py B

. /4 v
Chirng minh rang

P=Ya+tb+¥c<Va+yp+iy

*Hudéng dan

Taco

Suyra

f(dpcm)

6.V6i a> 3>y >0 va a,b,c>0théa man diéu kién

a B+E§3;E+E£2,E£1
a By Yooy
Chirng minh rang
0 1+1+1>1+1+1
@' % Yx A
*Hudéng dan
Taco
P—l 1+1+1+1_1 1+1+1_11
) B R
a \Nf \r g \r y
Suyra
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wpsa L 1 +2(1 B 1j 1,1 1
Yo [a b ¢ 4B VYa)[b c 3y B

a f y By

3 2

7.V6i a=> >y >0; ab,c>0; igl; i+igz;i+i+i33
Cy bg cy
, s 1 1 1
Chimg minhraing a+b+Cc>—+—+—.
i a p vy
*Hudng dan
Ta co:

(a+b+c):é(aajtﬂb+yc)+[%—éJ(ﬁb+7/C)+(%——ij

Taco aa+ﬁb+7/c:%+%+£2ng:3

1 1 1 1
@ H x atmt 3

Suy ra

(a+b+C)23£+2(£—£j+(£—1]=£+l+l(dpcm)
a \p a)\yr p) a p vy
Nhirng bai tap sau la cac truong hop dac biét voi «, 5,y cu thé
8.Voi a,b,c>0; c>1; i+£32; i+i+£33.

C 3a 2b c

Chung minh rang

11
a+b+c:2E

*Hudéng dan

N 1 9 9
Taco.3a+2b+c_T+T 21 T 125_
33 2b ¢ 3a 2b c
1 1 4 4
2b+C:T+T21+12§:2
2b ¢ 2b c

Suyra
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a+b+c2l-3+ 11 2+ 1—1 :£+l+1:1—l
3 2 3 2) 3 2 6

9.Véi a,b,c >0 théa man ¢ >1; i+132; i+i+ls3.Chtmgminhrémg
2b ¢ 3a 2b c

—+—+—<6
~a b c
*Hudng dan

6:(3+2+1):l(3a+2b+c)+(%——)(2b+c)+(——6jc

a
Taco

Thu duoc
62§+Z(E_EJJ{E_EJ:EJFEJFE(@CHD
a a b c

10 v6i a,b,c >0 théaman c>1; i+1£2; i+i+1£3.
‘ 2b ¢ 3a 2b ¢
Chtrng minh rang
1 1 7
—4+=—b<—.
a ¢ 2
*Hudng dan

Taco 3+b+1:§(3a+b+c)+(%——)(2b+c)+(———j-c
<:>3+b+123-1+2-(£—1j+(———j:—+—+—
a 2 a C
<:>1+l—bsz(dpcm)
a ¢ 2

11.Véi O<a < f<y; ab,c>0; isl;
cr  pb ¢y

CT‘H
+
[T

i +i +-— < 3. Ching minh rang

aa bp cy
L <o By
Ja b e

Hudng dan

19



Taco

\/— \/- J_s3f+2(f Ja )+ (\Jr —\B) <N+ B +r

Nhirng bai tap sau la cac truong hop dic biét khi «, 3, ¥ cho céac gia tri cu thé

12. véi a,b,c>0; gi_l i i <2, 1 i+i<3 Chtng minh rang
C

b90 a4b 9c

1
+—=+—+=<6
Ja b e
*Hudng dan
Ta co0:
1 1 1 1 1 1 1 1 1
+——=+—F== + + +(2-1)| =+—7—= |+(3-2)—=
A A b ae e M b MR
Taco
1+1+1
1 1 1 a 4b  9c
+ +-—_<3/a 4b 9 .3
NERV/TINCT 3
1+1
1 1 _la'ec
+ <2 <2
J4b  Joc
Suyra
1, 1.1 <3+2(2-1)+1=6(dpcm)
Ja b P
13.Véi a=b>c>0; i_l 3 i<2 i+i+1<3 chtrng minh ring
9a 4b 9a 9a 4b c
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J§+£+ﬁz%

*Hudéng dan

4 Joa
+(va- \/_) = 3V +2(vb—c)+(Va-vb)=va+vb+c

14.Voi O<a < S<y; ab,c>0 thoa man diéu kién

el $=I%}“fLF & ) ) )

1,1 11 1,1y,
aa bp cy bg cy cy
Chtng minh rang
i+i2+i>052+,82+7/2
a® b* ¢
Hudng dan
Taco

i+i+i:052 1 + L + 1 +
5 (e o) (o)

cy
1 1 ?
1 1 1 aa bp ¢
Taco + 5 >3 Y1 >3
(aa)” (bB)" (cy) 3
1 1Y
1 1 b oy
22 1 >2
(bB)" (cy) 2
Thu duoc
i+i+i_3a +2(,B )+(72—ﬂ2)=a2+ﬂ2+7/2(dpcm)
a? b* ¢
15. Véi a,b,c >0; 1+i i>3 i i>2 i>1chungmmhrang
a 2b 3c 2b 3¢ 3c
1 1 1
¥+F+?214

*Hudéng dan
Taco
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Tach
1,1 1Y
iz 12+ 1223a 2b 3c |3
a’ (2b)" (3c) 3
1,1y

12+ 1222 2b SC >2

(2b)"  (3c) 2
Suy ra

iz+i+i223+3-2+5=14(dpcm)

a- b ¢

16.V6i O0<a<b<c; l+i+i23; i+i22; i21
a 2b 3c 2b 3c 3c

Chting minh rang

a’?+b%+c’< »
36

*Hudng dan

Ta co:
49 , 1 1 L1 1 1
+—==I't+Z+5=a"| 5+ >+ > |+
36 2° 3 (zb) (30)
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1,11
iz+ 12Jr 1223a 2b 3c| 53
2" (2] (%) 3
1,1y
12+ 1222 2b 3k |5y
(@) () | 3
Suyra
49

49 a2 2 .2 2 _h2)_a? o h? .y o2
25 >3 +2(b*-a?)+(c® —b*)=a’ +b* +c (dpom)
17 .Véi a>3, atb>5, atb+c >6. Ching minh rang

a’+b®+c? >14.
*Hudng dan

Ta co: c2:(c—1+1)2:(c—1)2+2(c—1)+11,
b?=(b-2+2) =(b-2)"+4(b-2)+2?
(a-3+3)"=(a-3)" +6(a—3)+3

aZ
Suyra

a®+b?+c?=(c-1) +(b-2)" +(a-3)"+

+2(a+b+c-6)+2(a+b-5)+2(a-3)+1'+2°+3
Suy ra

a’+b’+c* 21 +2°+3° =14,
2.2.5.Dang 4 Lam manh bat dang thirc Cauchy

Xuét phat tir ¥ tuong rat don gian: Néu co6 A> B thi ta thu dugc bat dang thic
aA>B (O <a< 1) manh hon tiy thudc vao d6 gan 1 cua ¢ . Chung ta xay dung mot

sO bat dang thirc manh hon nho viéc dua tham sb vao bat dang thirc va cac trudong hop
dac biét cua no

Vidu 1: Véi 0< a, B,y <1 ching minh rang

1, a®+b*> 2ab+a(a—b)2,

2, a°+b*+c*> ab+bc+ca+%(a—b)2 +§(b—c)2 +g(c—a)2.(2.7.2)
Giai

Taco (2.7.1) <:>(1—05)(a—b)2 >0
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Cong vé véi vé cua cac bat dang thic
a’+b?>2ab+a(a-b),
b2 +¢?>2bc+ f(b—c)’,

¢’ +a’ 220a+7/(c—a)2,
Ta thu duoc (2.7.2).

Vidu 2: Véi a,b,c>0; 0<,,7 <1, chlitng minh rang

a_2+b_2+°_22(a+b+c)+%(a_b)z+ﬁ(b_c)2+l(c_a)2(z.7.3)

b ¢ a C C
Giai

Cong ve vdi ve cua céc bat dang thic

2
a—+b22a+§(a—b)2,
b b

2
b—+022b+£(b—c)2,

C c
2
C—+a220+1(c—a)2,
a a

Ta thu duoc (2.7.3)

Vi du 3: V&i m,n 1a cac s6 tu nhién, a,b,¢ >0 chimg minh ring

m+n m+n 1 m m n n m m n n
a™" +b ZE(a +b )(a +b )+%(a —b )(a —b )(2.7.4)

Trong d6 0<a <1
Giai

Tac6 (2.7.4) < (1-a)(a" —b™)(a" —b") 20 hién nhién ding

Vi du 4 Véi a,b>0; m, n la cac s6 tu nhién, chimg minh rang

a‘m+n_|_bm+n a-l-b m+n
>
2 ( 2 j 4

Giai
Tacé

m-+n m+n 1 m m n n m m n n
a™" +b zz(a +b )(a +b )+%(a —b )(a —b)

+g(am ~b")(a"-b").(2.7.5)
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Suyra
a™" +p™" ( a+ b]mm o

5 5 +Z(am—bm)(an—b”)(dpcm)

Vidu 5: Véi a,b>0; 0<a<1, chirmg minh rang

a®+b’> ab(a+b)+2?0[(a2 ~b*)(a-b)

Giai
Taco
a+b® (a+b) «
> 2( > j+z(a2—b2)(a—b)

<:>4(a3+b3)2a3+b3+3ab(a+b)+2a

<:>a3+b‘°’2ab(a+b)+%(a2 —bz)(a—b)

Vidu 6: Véi a,b,c>0; 0<a,3,7 <1 ching minh rang

3 3 3
a—+b—+c—2ab+bc+ca+2—a(a2—bz)(a—b)+
b ¢ a 3b
23 2y
¥(b2 —cz)(b—c)+£(c2 —az)(c—a)

Tacd

a® 20
F-i-bz >a’+ ab+¥(a2 ~b*)(a—b) (ap dung vi du 5)

3
LIS 2b2+bc+%(b2—c2)(b—c)
c 3c
o >cz+ca+2—7/(cz—a2)(c—a)
a - 3a

Cong cac bat dang thirc trén ta thu duoc bat dang thirc (2.7.6)

Vidu 7:Véi a,b,c>0; 0<a,,7<1; m,n la cac s tu nhién chimg minh rang

a™" +b™" 4 ™" 2%(am +b"+c")(a" +b" +c”)+%(am ~b")(a"—b")+

w |

(a"-c")(a" —c”)+§(bm —c")(b"-c") (2.7.7)
Gial
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Ta co:
(27.7) = (1-a)(a"-b")(a"-b")+(1- #)(a" —c")(a" —c") +

(1=7)(b" —c")(b"-c") 20

Vidu 8. Véi a,b,c>0; 0<a,f,7<1; m,nla cac sd ty nhién chimg minh rang

3 3 +—(a"-b")(a"-b")+

9
Bom  n(an _ ~n\ Y (hm_ am\ (e
+§(a —c")(a"-c )§(b —c")(b"—c") (2.7.8)
Giai
a" +b" +c" >(a+b+cjm
3 3 ’
a"+b"+c" >(a+b+cj"
3 3
Nén bt dang thirc (2.7.8) suy truc tiép tir (2.7.7)

a™" ™" 4 ™" >(a+b+cjm+n a

Vidu9: Véi a,b,c>0; 0<a,f,7 <1, ching minh rang

2

a®> b ¢ _a b c «
F+?+¥ZB+E+E+F(a_b)Z+c£2(b_c)2+§(c_a)z (2.7.9)
Giai

Tur bt déng thic % +b? > 2ab +a(a—b) tasuy ra

2
%+12 2(%)+%(a—b)2

Tuong tu

c? C

i+1> 2(2)+l(c—a)
a2 \a) a? ’
E+9+323

b ¢ a

Cong vé véi vé cia bdn dang thirc trén ta thu duoc bat dang thirc (2.7.9)

Vidu 10. Véi a,b,c>0; 0<,f,7 <1, ching minh rang
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Ttr bat dang thice
a’+b°> ab(a+b)+2?0[(a2 ~b*)(a-b)

Ta thu duoc

a3 2

a 20
F+b_F+a+w(a —b? )(a—b),

b b? 23
C—2+c2?+b+¥(b2—cz)(b—c)
o c? 2y

il > 2 _ _
Azl ~(c’—a%)(c-a)

Cong vé véi vé cua cac bat ding thire trén ta thu dugc bt ding thac (2.7.10)

Vi du 11. véi a,b>0; 0< <1, chitng minh rang
1 1 4 8a 4da
4= +
a b a+b +ab
Giai

1.1, 2 (1 1)
a b Jab (Na b
a+b22@+a(\/§—\/5)

Nhan hai bat dang thirc trén ta thu dugc

(i+%)(a+b)24+%.(\/§—\/5)2+

(=) oo () (R

Suyra

1 1

(g+6j(a+b) 4+T(«/_ J_) _4+J_b(a+b ZJ_)
24-80{+M

Jab

Thu duoc
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1 1>4—8a 4o

—+—2 d
a b aih +\/£( pem)

2. Cac truong hop dac biét
Str dung két qua vi du 1 ta thu duogc

Vidu12 véi 1>a,b,c>0 chimg minh rang

a2+b2+cz2ab+bc+ca+%(a—b)2+%(b_c)2+%(0_a)2_
*Hudng dan
Sir dung vidu 1 v6i =2, f=t y=2
Ung . 3’ 2,)/ 3

Vidu 13. Véi 1>a,b,c >0, a,b,c>0, ching minh ring

a(a-b)" b(b-c)" c(c-a)
+ +

2(a+b) 2(b+c) 2(c+a)

2
a’+b*+c?>ab+bc+ca+

*Hudéng dan

Chon azi; f= b

; va str dung két qua cua vi du 1.
a+b b+c

y=
c+a

Vidu 14. Véi, a,b,c >0; a+ b + ¢ = 1ching minh rang
6(ab+bc+ca)+a(a—b)2 +b(b—c)2 +C(C—a)2 <2
Giai
Vi a,b,c>0; a+b+c=1tasuyra 0<a,b,c<1, st dung két qua ctia vi du 1 voi

a=a, f=b, y =c thudugc

2 2 2

a2+b2+c22ab+bc+ca+a(a2_b) +b(b;C) +c(c;a)
2 2 2
a(a—b) +b(b—c) +c(c—a)

2 2

&1=(a+b+c)" >3(ab+bc+ca)+

2> 6(ab+bc+ca)+a(a—b)2 +b(b—c)2 +c(c—a)2 (dpcm)

3.Kha nang ap dung cua gidi phap
Sang kién di duoc van dung cho cac em hoc sinh chuyén toan 10 truong THPT
Chuyén Lé Quy Dén, cic em hoc sinh trong doi tuyén thi hoc sinh gioi quic gia mon

toan va cac em hoc sinh 6n thi THPT qudc gia.
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Khi giang day vé ndi dung nay cac em hoc sinh to ra thich thu, thich dugc kham
pha va tir tin hon khi 1am bai tip vé bat dang thirc. Sang kién kinh nghiém ciing duoc
cac thay c6 trong to6 Toan-Tin truong THPT Chuyén Lé Quy Pon van dung trong
chuyén dé d6i méi day hoc.

4. Hi€u qua, lgi ich thu dwoc

TU nhan thic cia ban than trén co so thuc tién chon dé tai va cac bién phap
trién khai dé tai, qua khao sat thuc té viéc tiép thu cua hoc sinh, to1 théy da dat duoc

mot sO két qua cu thé nhu sau:

a.Vaéi vige trinh bay céc bai téan co ban, cung vdi cac vi du minh hoa ngay sau
d6, s& gitip ting cudng bai giang cho cac thiy , c¢b gido va véi cac em hoc sinh s& dé
hiéu va biét cach trinh bay bai, hoc sinh biét van dung thanh thao cac kién thirc da hoc
lam co s& cho viéc tiép thu bai mé1 mot cach thuan loi, vitng chic.

b.Luyén tap cho hoc sinh thoi quen suy nghi, quan sat, lap luan dé hoc sinh
phat huy tri thong minh, 6¢ sang tao, kha ning phan tich, tong hop, tu duy doc lap va
thong qua viéc thao ludn, tranh ludn ma hoc sinh phat trién kha nang noi luu loat, biét
1i ludn chat ché khi giai toan.

c. Hoc sinh biét van dung céc kién thirc don 16 dé giai cac bai toan tong hop
nhiéu kién thtre. Kién thirc vé phép nhom Abel, 1am manh bat dang thirc Cauchy gitp
cac em hoc sinh c6 nhidu cach nhin da dang hon dé chting minh bit dang thirc
Cauchyad.

d.Ngoai ra c6 rat nhiéu bai toan dugc giai nhiéu cach khac nhau s& gitp cac
em hoc sinh trd nén linh hoat trong viéc lya chon phuong phép giai.
e.Véi phong cach trinh bay nhu vy, bd tai liéu ndy con nham gitup cho cac em hoc
sinh rén luyén ning lyc van dung Iy thuyét duoc hoc .Tao khong khi s6i ndi, niém say
mé hting thu cho hoc sinh bﬁng cac bai toan sinh dong, hép dan thyuc sy bién gi0 hoc,
16p hoc ludn 1a khong gian toan hoc cho hoc sinh.

Cudi cung, cho du di rat c6 gang bang viéc tham khao mot lwong rat 16n cac tai
liéu sach hién nay dé vira viét, vira mang di giang day ngay cho cic em hoc sinh cia
minh tir d6 kiém nghiém va bo sung thiéu sot, cung véi viée tiép thu ¢ chon loc ¥ kién
ciia cic ban dong nghiép dé dan hoan thién bd tai liéu nay, nhung kho tranh khoi

nhirng thiéu s6t bdi nhitng hi€u biét va kinh nghi€ém con han ché, rat mong nhan duoc
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nhimg déng gép quy bau cua quy thay gido, co gido, cac ban dong nghiép va cac ban
doc gan xa.

5. Panh gia vé pham vi anh hwéng cia sang kién:

- Sang kién nay d3 duoc ap dung cho hoc sinh 16p 10 & trudng THPT chuyén Lé
Quy Pon. C6 thé dung 1am tai liéu bo ich cho hoc sinh va gido vién dic biét ddi voi
hoc sinh 6n thi hoc sinh giéi cac cp.

- Sang kién nay ciing c6 thé 1am tai lidu dé cung trao d6i va nghién ciu véi
déng nghiép.

6. Kién nghi, dé xuat: V&i huéng nghién ciru ciia sang kién toi rat mong dugc
su quan tdm chia sé ctia cac thiy co dé sang kién c6 thé hoan thién hon, dong thoi
mong mudn day s& 14 tai liéu bo ich c6 thé nhan rong tdi cac thay cd gido trong toan

tinh./.
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